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Abstract—In this paper, we introduce several discrete- countered in motion planning and control problems [2],
space search algorithms based on continuous-space motion- [3], [4]. They were later adapted for use in hybrid-systems

?éag_lr_‘g;g;e]ghg‘%%?bﬁi‘;‘t:i'; aéoz?m;y);ex(gg\'ﬂns% R\?\sz%rgszrﬁgj planning and control, and were recently extended prelimi-
: narily into discrete space [5], [6], [7].

methods for adapting these algorithms for discrete use by ) L ! o ] ]
replacing distance metrics with cost-to-go heuristic estimates ~ The RRT algorithm begins with an initial configuration
and substituting local planners for straight-line connectivity.  gstart @S the tree. At each step, it selects a random config-

Finally, we explore coverage and optimality properties of these  yration ¢.,,q from the configuration space, then finds the
algorithms in discrete spaces. nearest configuration already in the treg,.., using some
I. INTRODUCTION AND OVERVIEW definition of nearness (often Euclidean distance). From

Sampling-based planning algorithms, most notablyinear, it moves some distance toward grand, and adds
Rapidly-exploring Random Trees (RRTs) and Probabilisti¢hat new configuration to the tree. These steps are repeated
Roadmaps (PRMs), have gained significant popularity ifntil SOmegg..1 (which may be a specific goal state or an
recent years as a tool for solving high-dimensional motion€lément of a set of goal states) is reached, or until the tree
planning problems. For the most part, their application§ias reached a certain size. RRTs have been shown to be
have been limited to continuous planning. Recently, howProbabilistically complete, and to have good space-filling
ever, sampling-based planning algorithms have begun fyoperties in th_at thglr growth is biased toward the largest
be applied to a wider category of problems, specificallyin€xplored regions in the space [2], [8].
hybrid and discrete planning. The reason for this bias toward unexplored areas is

While the properties and characteristics of samplingdear when the algorithm is examined in terms of Voronoi
based planning have been studied in continuous spacéiagrams. The Voronoi regions of the nodes in a tree give
littte work has been done to date in exploring thesdmportantindications of the degree to which it has explored
properties in other spaces. Here, we examine the extent #de space. First, the size of the largest Voronoi region(s)
which the properties that make sampling-based planning!l us how far, in the worst case, a point in the space
effective in continuous space are applicable to discreté@n be from the tree’s nodes. Second, the locations of
spaces, and how Samp"ng_based p|anning m|ght adapt I@ge regions tell us where those worst-case pOintS are,
the issues encountered in discrete space. and thus which areas have been least thoroughly explored.

Although a variety of optimal and near-optimal solutionFinally, the range of sizes in a Voronoi diagram tell us how
methods—such as *Aand its variants—exist for solving €venly the space has been explored: if all of the Voronoi
discrete search problems, they generally become very timéegions are roughly the same size, then the coverage of the
and space-intensive as problem domains become largége is essentially uniform, whereas large size disparities
and more complex. Sampling-based discrete planners méjdicate that some regions have been explored much more
offer an efficient way of finding feasible paths in complexthoroughly than others.

problems where finding optimal paths is either unnecessary The RRT algorithm leverages these properties of Voronoi
or computationally infeasible. regions probabilistically: so long as the random points in

This paper is organized as follows: First, we givethe RRT algorithm are selected uniformly from the space,
background on sampling-based planning algorithms. Nexthe largest Voronoi regions will be the most likely to
we introduce adaptations of sampling-based planners &ontain the target point [2], [8]. Since the selected region’s
discrete space. Then, we provide experimental planningode is expanded, the tree will be biased toward expanding
results in several sample test problems. Finally, we explor&@e edges of the tree which border on the largest unexplored
properties of sampling-based planners in a grid world. Fullegions, dramatically so in the early stages of growth.
details of this work, including implementation details andB_ RRTs in Hybrid Systems

more extensive numerical results, are available in [1].
Although RRT research has focused primarily on con-
tinuous planning, recent research has shown that the RRT
A. RRTs algorithm can be successfully applied to hybrid systems as
RRTs are a probabilistic exploration method developegvell [6], [7], [9]. This research adapted the RRT algorithm
for searching the high-dimensional continuous spaces etp solve a variety of hybrid planning problems by extending

Il. SAMPLING-BASED PLANNING BACKGROUND



the RRT’s state to include discrete state information a#. Discrete RRTs

well as the continuous configuration, and adding the state- |, [6] we introduced a discretization of the RRT algo-
change as an action when the agent reaches a switchifghy ~which replaces the distance metric used for deter-
boundary. Nearest-neighbor queries incorporated a heurigjining nearness with a heuristic estimate of the cost-to-go
tic evaluation to account for differences in discrete state.q¢ the same type that is used in general informed search
C. PRMs methods, e.g.A*. As in the original RRT, the discrete

PRMs constitute another sampling-based method fd#gorithm begins with an initial statg..... At each step,
solving planning problems in high-dimensional spaceg/Ve Select a random stajg..q from the state space (making
especially multiple query path planning [10], [11]. sure.that the state selecte'd is not already in the tree).

The PRM algorithm operates by repeatedly selecting ¥/€ find the nearest state in the treg..., based on a
random nodey,..q and adding it to a set of nodes. The heuristic estimate of the cost-to-go from each statg.d@:.
algorithm then attempts to connegl.q to any other nodes Considering each possible operator @g.., we select the
in the set that are within some distanéeof qanq. The ON€ which yields the successor stajg,, that is closest to
connections are made by a local planner; in the simple cagemnd but is not already in the tree, and agld,, to the tree
of holonomic planning, the local planner is often simply awith an edge fromg,car 10 it. If gnear h@s no successors
straight-line generator with obstacle checking. This proces¥hich are not in the tree, no new node is added during this
is repeated until the PRM reaches a set size, or until most §eration. In pseudo-code, the RRT construction algorithm
all of the PRM is connected. Path planning queries are thefi @s follows:
solved by using a local planner to conne@gt.,t andggeal  GrowRRT (gstart )
to the PRM, then finding a path between the connection T. init (gstart)
points through the pre-planned roadmap. for n=1to N

Like RRTs, PRMs are probabilistically complete using (ém{d ZRIRE;ATndoml%nexploredState 0
uniform sampling. Unlike RRTs, which expand out from xten rana, T')
one point, the nodes in a PRM follow the sampling
distribution exactly, but do not create a connected grapR*!€NdRRT Grana, T')

. . Lo near = T.nNearestTreeNodeyana)
until some threshold point density is reached. if gnear.hasUnseenSucessors ()

[Il. DISCRETESAMPLING-BASED PLANNING qnew = NearestSucessolnd, gnear)
. . . . T.addChildNode §uew, gnear)
In general a discrete planning problem exists in a discrete
space consisting of a countable set of staiesand a  Since the statey.e,, is chosen from a finite set of
corresponding set of discrete dynamics that define, for eagyccessor states, rather than being grown along a straight
stateg, a transition ruleA : S — 25, where A(q) = |ine toward g,anq as in the continuous RRT, the discrete
Q' C S is the (finite) set of possible successorgjtdThe  RRT is not guaranteed to take optimal steps towagd,.
planning problem gives us a start state... and a set of |, fact, it is possible to encounter situations whegg, is
goal state€s, and asks us to find a path frojg... to some 4 stepaway;, leavingg,ana heuristically closer t@pme,, than
ggoal € G. This solution path must consist of a sequencqg 4 . (see Figure 1).
of statesgstart = o — q1 — G2 — **+ — Gn = Ggoal With A new algorithm that mitigates the issue of sub-optimal
each transition to a new state obeying the transition rU|§teps is theRapidly-Exploring Random Leafy Tré@RLT).
for the previous state (i.e., for each transitign— ¢iy1, The RRLT algorithm keeps an open list of all states
it must be true that; 1 € A(g:)). reachable in one step from the current tree: the “leaves”
In discrete planning, it is often useful to consider theyt the tree nodes. When,.nq is selected, the nearest
transi'Fion rules for states as corresponding to a smalllspéaf is located directly and added to the tree, and all of
of universal or near-unlv_ersal operators, each of Wh_ICfitS successors are added to the open list (except those
map ¢ — ¢’ in a predictable way. For example, in that are already tree or leaf nodes). The RRLT algorithm
planning an agent's motion in a grid world, where eachhrevents the possibility of a failed ExtendRRT step, since
state corresponds to &n, y) pair, the operators are the four eyery |eaf is a state which does not exist in the tree, and
possible moves to adjacent squai@s;(z,y) — (z,y+1), s therefore a valid candidaig,..... To obtain the RRLT

Odown (2, y) — (z,y — 1), Olefy(xvy) — (¥~ .1,y), and  ajgorithm, we substitute the call to ExtendRRT with a call
oright(z + 1,y) — (z,y) (with the constraint that an iy ExtendRRLT:

operator cannot be applied to a state if its resultant state
would collide with an obstacle). ExtendRRLT @rana, T')

Although a variety of informed search algorithms exist gfevéh;njg;érﬂggg'?c?l&gi;d— e)an(a“d)
for such problems, they generally either become infeasible 7 addNewLeavesgey ) o
as the problem size grows (as in the caseAof) or
have poor performance in spaces where “obstacles” are notSinceq,c.. = guew IS Selected from the list of leaf states,
predicted by the heuristic, whether the obstacles are explicind not from among the states already in the tree, the
or due to behavior of the system which is not predicted bywlgorithm guarantees that at each step the tree grows as far

the simplified heuristic (as in the case of best-first searchs possible (heuristically) towaig....q. Table | shows the




| on the continuous RRT’s iterative running time (assuming
6 %o . Gr o T . qr incremental collision-checking), relaxing the limitations on
the local search could cause the running time of a discrete

RRT to increase exponentially.

fo 1 N imal (eft) and failed (fiaht) RRT steps. | o Because the distance heuristic is based on discrete states,

g:'?);/vir;g fro?: gpn:)n(}z o(tfle)r ;nan ta;:: ne(z:?esz neigh;;r\)li(.)ulr:i ?/?(;d gase“ IS nOt un_common to find mu!tlple neighbors Wlth_ equal

new state closer to the random target state, heuristic distance fromy,.,q. Since the goal of using a
local planner is to maximize exploration at each step, we
chose the node from among the ties for nearest by selecting

results of growing RRTs and RRLTs to fixed percentagefor maximal cost fromy,.... Although this approach may

of the total space in an 8-Puzzle [12], and measuring theesult in higher solution-path lengths than would result

coverage of each tree according to the average distanfflem breaking ties by selecting for minimal cost, or se-

from every state in the space to the nearest state lacting randomly, intuition suggests that the maximal cost

the tree (as measured absolutely). Results are averagsitbuld be the maximal distance frog... (assuming a

over three trials, and although the improvements due teelatively optimal local search). Since the cost frgm..

the RRLT algorithm are small, they generally varied lesss an actual cost, whereas the heuristic distanag.t@, is

than 0.2% between trials (and never more than 0.4%pgstimated, it seems reasonable to assume that considering

Although the RRLT algorithm is more space-intensive thanhe actual cost as well as the heuristic cost would give

the simple discrete RRT algorithm—by factor of at mast a more reliable estimate of distance towasg,q than

the branching factor of the space, and generally less sing@nsidering the heuristic alone.

a solution can be found sooner—our experience has beenwe can further improve the parallel between the global

that it is generally faster and finds better solutions [1]. planner and the continuousvalue by building a Meta-

RRT or Meta-RRLT as a global planner that considers

the path to the new node as a unit rather than as a

sequence of nodes in the tree. Thus, instead of adding

TABLE |
DIFFERENCES IN8-PUZZLE COVERAGE BY RRT AND RRLT

Percent|| Average RRT| Average RRLT || RRLT Percent all the nodes along the path, we add the node at the

Filled Distance Distance || Improvement end of the path as a child af,..., storing information
5% 3.94 3.90 1.0% about the intermediate nodes as meta-data of the edge

10% 3.23 3.18 1.5% betweeng,... and the new node. Whereas the continuous
15% 2.79 2.74 1.9% tree always adds exactly one new node, regardlesstbe
25% 213 2.06 3.3% non-meta global planner described above adds a sequence
50% 101 0.93 8.4% of nodes, all of which are close together in the space. This
75% 0.36 0.31 13.4% '

degrades the nearest-neighbor query time, without adding
significantly to the coverage of the tree, especially in cases
. where we are primarily interested in exploring quickly. The
B. RRTs with Local Planners meta-tree impr%ves ngarest—neighbor qrijery ?u?ming%me by
In continuous space, the step-sizef the RRT algorithm  discarding these less-useful intermediate nodes.
can be varied to change the characteristics of the search.
In general, a very small results in a tree which explor_es C. Discrete PRMs
slowly, but fills the space more completely and gives
shorter solution paths. Although we are constrained in An approach closely related to the Meta-RRT is to
discrete space to take steps between states accordingctumbine a PRM as a global planner (that uses a heuristic to
the transition rule in the underlying dynamics, it is possiblelefine the connection radius) with a discrete local planner
to achieve a similar effect to varyingby using an RRT for connecting nodes. The discrete PRM is constructed
or RRLT as a global planner, with a different plannerusing very similar techniques to those described for the
used for local planning: At each step, instead of pickingVleta-RRT: At each step of growth, a random node is
the nearest leaf to the randomly selected ngdgs, we created, and a neighborhood is defined which encompasses
perform a search with a local planner (e.47, best-first all nodes within some distaneg as defined by a heuris-
search, or even another RRT or RRLT)—limited by depthtic cost-to-go estimate (just as in RRT nearest-neighbor
size, and/or time—from the nearest neighbgt,., toward querying). For each node in the neighborhood, an attempt
¢rand- When the limit of the local search is reached, thds made to connect that node to the new node. Since
node closest tog,.,q IS added to the tree, along with each PRM connection attempt is all-or-nothing, unlike the
the nodes along the path to reach it. Here, the degree ilacremental growth of the Meta-RRT, bi-directional search
which the local search is limited plays a similar role to thecan be used to allow significantly faster connection search.
parametere in the continuous RRT. The most significant A continuous version of this idea, using local planners such
difference is that the limit on the local planner has aas bi-directional RRT search to connect nodes in a PRM,
significant impact on the running time of each step ohas been shown to be effective in high-dimensional motion
the algorithm. Whereas a largehas only a linear effect planning [10], [11].



knights) for each out of place knight to reach a destination
position for its color that is not already occupied by another
knight of the same color. This heuristicasimissible[12],
but not a metric, violating both symmetry and, in some
cases, the triangle inequality [1]. Although it could be
made symmetrical by defining a new heuristi¢a, b) =
K (b,a) = max(h(a,b),h(b,a)), doing so would double
the heuristic computation time, which is already the most
costly part of RRT construction.

In order to create “obstacles” and dead-ends in our
Fig. 2. A Meta-RRT (left) with a local search depth of 5 and PrRM tfals, we added two additional constraints to the Knight-
(right) with a connection radius of 5, both grown in a discrete grid worldSwapping Puzzle (see Figure 4):

using thel, (Manhattan distance) heuristic. « A knight cannot move to the empty square if there is
not already an ally (a knight of the same color) in one
D. Optimal-Path-Biased RRTs of the_ four squares adja<_:e_nt to the square. _
) o ) ) o A knight cannot move if it would leave behind a

Although the RRT algorithm is primarily concerned with knight without an ally in one of the four squares
finding solutions quickly, we generally prefer low-cost adjacent to it.
solutions over high-cost solutions yvhen all other factors are \ e solve the Knight-Swapping Puzzle by searching bi-
equal. In many cases, even a slight reduction in solutloa.

. . . : : rectionally, with one tree rooted at the start state and
speed is acceptable if it results in a noticeable improvemen
) . L another at the goal state. At each step, we grow each tree
in solution optimality.

Achieving a speed—optimality trade-off in the RRT andflrst randomly as described in the original RRT algorithm,

RRLT algorithms is possible by modifying the nearnessthen toward a node randomly selected from the other tree,

. . . ) ~n order to bias the trees toward connection [4], [5]. Once
heuristic to consider the cost from the starting configuratio . .
: . . X the trees connect, a solution path is extracted from the
in addition to the estimated cost-to-go. In this method, we

i . intersection of the trees. Table Il shows the results of
define the nearness of a statg. in the RRT to the random . . . .
several of the algorithms described above in solving the
nOde(Irand as f(qtrcm qrand) = ag(qtrcc) + h(qtrcca Qrand)r

whereg(giee) i the path cost from the root of the tree tc)constralned Knight-Swapping Puzzle on our test machine,

. L . a 2 GHz G5 with 2 GB of RAM. The results show
Gtrees ANAN(Gtree, Grand) 1S the heuristically estimated cost- L -
that the Meta-RRLT is, in some cases, over twice as
to-go fromgy,ee 1O Grana- A NoNn-zero value ofy allows the

RRT’s exploration to be biased toward low-cost solutionsfalSt as the simple RRLT, although the solution paths are

by encouraging growth that moves out from the center §|gnlf|cantly longer. The Meta-RRLT also uses significantly

the tree, rather than back toward the interior of the tree.OIeSS memory than either the simple RRLT or the non-meta
RRLT with a local planner.

Although any positive value ok is possible in creating
optimal-path biased RRTSs, in practice only small values
are useful. For example, adopting = 1 will create an Start state: Goal state:
algorithm which generates optimal solutions, but does so

in a vastly inefficient way when compared with* or 00000 0000 ®
breadth-first search due to the need to perform nearest- 00000 000 e e
neighbor queries at each iteration. However, even a very ®® 00 00| |8/e
small value ofa can be useful. For example, anvalue ®/ 8000 0000 e

® 00|00 Oeeee

very close to 0, while too small to have a significant impact
on nearest-neighbor selection, will serve to break ties in Fig. 3. The5 x 5 Knight-Swapping Puzzle
nearest-neighbor queries in favor of lower-cost nodes.

V. PLANNING RESULTS iiiii’_.o iiii.oo
A. Single-Query Search !!..OOO !...OOO
We tested the single-query path planning performance !..QQOO !!OOOOO
of our sampling-based discrete planners on the Knight- @@ <& OO0 0@ ® A 000
Swapping Puzzle, which entails swapping the positions o000 O ..@mooo
of Knights on ak x k chess board (wheré must be i.OOOOO i. OOOO
odd), using only valid knight moves. The set-up consists 000 00D ii%..oo
of filling all but the center square with knights, divided A d\ d

: : . Fig. 4. Constraints on the Knight-Swapping Puzzle. The move on the left
For this pUZZIG’ all experiments were performed usin not allowed since there is no white knight adjacent to the destination.

the heuristic value obtained by summing the number ofhe move on the right is not allowed since it leaves the white knight
required knight moves (ignoring the presence of othemarked with the small ‘x’ without an adjacent white knight.

between black and white along a diagonal (see Figure 3&.



These results show only a small set of possible permu
tations of the algorithms we presented here. The choics
of RRT or RRLT as a global planner, the type and
details of the local planner (e.g., simple or optimal-path-
biased RRT or RRLTA*, best-first search, intermediate
heuristic searches), and the methods of exploration (e.g., b
directional or single-directional, goal-biased or unbiased
method of connecting trees in bi-directional search), all
interact in ways that have significant impact on solution
quality, running time, and memory requirements.

TABLE Il
RESULTS OF BFDIRECTIONAL SEARCH WITH VARIOUS ALGORITHMS
IN THE 9 X 9 KNIGHT-SWAPPING PUZZLE

Algorithm Nodes | Leaves| Solution | Time (s)
Length
RRLT 4580 | 17500 304 133
RRLT: A* Local
100-Node Local Limit 7390 | 28100 433 920
500-Node Local Limit 6360 | 23600 425 124
Meta-RRLT: A* Local
100-Node Local Limit 1340 5800 490 62
500-Node Local Limit 460 2370 462 101

B. Multi-Agent Planning

In order to explore prioritized multi-agent planning using
discrete sampling-based planners, we discretized a versig
of the air traffic control problem described in [5] by placing
it in a grid world. In this problem, we consider a number
of airports located in a two-dimensional grid-world, with
each airplane taking off from one airport and traveling to
its destination airport.

The agents’ paths are planned using prioritized planning
once an agent’s path is planned, that path is immutable. Th
tree used to plan the agent’s path is discarded, except fa
the solution path. That path becomes an obstacle in th
space-timg(z, y, t) for all future agents. In our trials, we
extend the path obstacles to include the next and previous
location of an agent at each time step, in addition to it§ig. 5. Air traffic control in a grid world. The six airports are denoted

current location. in order to define a safety buffer aroun&y empty squares (at the four corners and the middles of the vertical
! Sides), and each airplane is color-coded by its destination airport. The

each airplane. (Note that this buffer does not apply tQrey diamond-shaped regions indicate no-fly zones. Top: A snapshot in
airport cells or the 4 cells around each airport, wherd@me showing all airplanes currently in the air. Bottom: Complete paths

different rules would be used to prevent collisions.) Infor all airplanes during the same shapshot.
order to explore the added effects of static obstacles, we
further allow the definition of “no-fly” zones, which act as A \oronoi Region Overlap and Tie-Breaking

obstacles for all agents, at all time steps. ] S )
We were able to plan the paths of 300 airplanes, with The fundamental difference between Voronoi regions in

several hundred in the air at any given time, in 2-3 second#iscrete and continuous spaces is the introduction of over-

search (see Figure 5). region guarantees non-overlapping regions in continuous
space, discrete space heuristics generally cannot guarantee
V. PROPERTIES OFSAMPLING-BASED PLANNING IN that there will not be ties. It is of course possible to modify
DISCRETESPACE any heuristic to prevent ties by introducing arbitrary tie-

In order to better understand the adaptation of samplindsreaking rules, but doing so will introduce an equally
based planning to discrete space, we directly examined tlabitrary bias in the exploration of the RRT algorithm,
\Voronoi regions that determine their properties, as well ag/hich is generally undesirable. Thus, the discrete RRT
the resulting coverage and optimality effects. algorithm should expect the occurrence of ties.



Fig. 6. \Voronoi regions of RRTs in the grid world, using the (left), L2 (center), andL~ (right) heuristics.
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Fig. 7. RRT coverage in a grid world, using tig (left), Lo (center), andL~, (right) heuristics.

The extent to which Voronoi regions overlap dependgan move left, right, up, or down at each step—using the
strongly on the space, the heuristic used, and the exteht (Manhattan),l, (Euclidean), andL., (max) metrics
to which the tree has explored the space, as we will shoas distance estimates. We created visualizations of the
below. Since such overlap is highly likely to exist in sometrees and their discrete Voronoi regions (see Figure 6,
form, however, some decision must be made as to how twhich is highly typical of the patterns generated by each
handle ties in the nearest-neighbor search. The simpldséuristic function), with the tree shown using thick blue
solution, which is the one we used in our experimentg¢dark grey) lines, and the edges of Voronoi regions with
(except where noted), is to break ties by selecting one of tht@in red (light-grey) lines. Cells with red (grey) shading
candidate neighbors at random. However, depending on tlienote areas of Voronoi region overlap, with darker shading
problem domain and the desired behavior of the algorithmndicating more ties (especially evident in thg, metric).
a variety of other solutions are possible. Using the cost-sdrhe differences in Voronoi patterns are striking, and have
far of ties as a tie breaker can either emphasize optimalitg significant impact on the behavior of the tree.
(by favoring low-cost nodes) or exploration (by favoring 1) Coverage:The effects of these Voronoi patterns can
high-cost nodes, as in the case of our local planners fgje clearly seen in Figure 7, which shows histograms of
Meta-RRTs). Another possibility is a second-pass heuristifode location in 1000 trials of RRTs grown to 3000 nodes,
evaluation of tied nodes: if we can assume that the numbeging each of the three heuristics; cells with darker shading
of ties for nearest-neighbor is generally a small numbegre those which are covered most often. Slower exploration
regardless of tree size, then we can use a much more cosjlythe I, tree is clearly evident (as seen by the lack of
heuristic to break ties with minimal impact on the overallsamples near the edges of the space), asxarand +-
complexity of the algorithm. shaped biases in the, and L., metrics. These biases are
due to the distinctive shapes of tig and L., Voronoi
regions: theL; metric forms large triangular regions at

In order to explore the effect of different heuristicsthe edges of the space, which results in growth toward
on the behavior of RRTs, we conducted trials of RRTthe middle of each edge, whereas thg metric creates
growth in a two-dimensional grid world—where an agentlarge diamond-shaped regions in the corners, which results

B. Grid-World Coverage and Optimality



Fig. 8. RRT coverage in a 3-D grid world using tlie. heuristic. The panels show the slices= 0 (left), z = y (middle), andz = % (right).

Fig. 9. Optimality of RRT paths in the grid world, using tig (left), Lo (center), andL~ (right) heuristics.

in growth toward the corners of the space. Other, more 2) Optimality: The effects of growth biases introduced
subtle effects are visible as well, such as the tree’s by interactions between heuristics and the dynamics of
better coverage at the edge of the region and more uniforthe discrete system are not limited to the smoothness
coverage of the space in general. Also noticeable are tted tree coverage. Figure 9 shows visualizations of the
off-bias regions near the center of the tree which are poorlgptimality of the paths in the tree to each point they have
sampled, especially by the,, metric. Similar patterns are reached, averaged over the same 1000 trials, with darker
visible in three-dimensional grid worlds (see Figure 8). values indicating paths closer to optimal. Specifically, the
Figure 7 also demonstrates the importance of the intebrightness of each cell on a scale of 0 to 1 is computed as
action between heuristic biases and the dynamics of the— d/p, whered is the optimal Manhattan distance apd
agent itself. The slight +-shaped bias in tlig tree is is the path length averaged over every trial out of the 1000
largely due to the fact that moves by the agent are in where that cell was included in the tree.
+-shaped pattern, thereby seeding the tree in a slightly Immediately noticeable in the figures is that tlig
biased way during the initial moves—if diagonal movesmetric is significantly less uniform in the optimality of
are allowed [1], or a meta-tree or PRM is used to masks paths. This can again be explained by the interaction
the low-level agent dynamics (see Figure 10, also averagdxtween the bias in the tree and the dynamics of the space.
over 1000 trials with 3000 nodes each), the +-shape doésrst, we must notice that even without considering any bias
not appear. In the case of tlig, tree, the agent dynamics in the tree, not every cell has an equal chance of being
and the Voronoi bias magnify each other, resulting in theeached in an optimal way by any randomized algorithm.
sharp, well-defined lines along the bias axes. Thetree A cell n steps from the starting point and positioned along
shows the opposite effect; growth in the bias directionene of the four diagonals can be reached by any one of
is approximated by selecting one of several moves at a!/(%!%!) optimal paths, whereas a cell the same distance
45-degree angle at each step. The resulting randomizedt but positioned on the line = 0 or y = 0 can
zigzagging gives noticeably fuzzier regions along the biabe reached by exactly one optimal path. This creates an
axes. Introduction of diagonal moves, however, causasnderlying bias toward amx-shaped optimality histogram.
these lines to be sharply defined [1]. In the case of theL; metric, that bias is magnified
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Fig. 10. Coverage and optimality of a Meta-RRT (left) and PRM (right), both with a local search radiugd.of tge(ristic).

significantly by the bias in tree growth: the straight linesagents, for example, share the issue of potentially non-
from the tree are predominantly along the with cells optimal updates at each step of the RRT algorithm, as do
furthest from thex most likely to be reached by some some aspects of hybrid planning. As we continue to explore
amount of doubling-back in the tree in either theor the properties of discrete sampling-based planning, we
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