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Abstract

We present, implement, and analyze a spectrum of closely-related
planners, designed to gain insight into the relationship between
classical grid search and probabilistic roadmaps (PRMs). Build-
ing on the quasi-Monte Carlo sampling literature, we have devel-
oped deterministic variants of the PRM that use low-discrepancy
and low-dispersion samples, including lattices. Classical grid search
is extended using subsampling for collision detection and also the
dispersion-optimal Sukharev grid, which can be considered asa kind
of lattice-based roadmap to compl ete the spectrum. Our experimen-
tal results show that the deterministic variants of the PRM offer per-
formance advantages in comparison to the original, multiple-query
PRM and the single-query, lazy PRM. Surprisingly, even someforms
of grid search yield performance that is comparable to the original
PRM. Our theoretical analysis shows that all of our deterministic
PRM variants are resolution complete and achieve the best possible
asymptotic convergence rate, which is shown to be superior to that
obtained by random sampling. Thus, in surprising contrast to recent
trends, there is both experimental and theoretical evidence that the
randomization used in the original PRM is not advantageous.

On the Relationship
Between Classical

Grid Search and
Probabilistic Roadmaps

1. Introduction

The purpose of this paper is to provide insight into fundamen-
tal questions that arise in the development of sampling-based
motion planning algorithms. What factors lead to good com-
putational performance in practice? Is randomization really
important for breaking the curse of dimensionality? In recent
times it has been widely believed that randomization is a nec-
essary component for obtaining algorithms that solve high-
degree-of-freedom (high-DoF) problems. In practice, imple-
mentations have used pseudo-random number generators as a
kind of “black box” that produces deterministic sequences that
mimic the behavior of an elusive, true random source. Given
that such sequences are deterministic, several more questions
come to mind. Is is possible to open the black box, and de-
sign sequences that are better tailored to motion planning?
Is it possible to preserve some of the desirable properties of
pseudo-random sequences while adding new properties that
are even more beneficial in motion planning? By recognizing
that nearly all machine implementations of random numbers
produce deterministic sequences, is it possible to design se-
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Such questions have led us to develop a spectrum of
sampling-based planners. At one end of the spectrum sits clas-
sical grid search (CGS), which is commonly accepted as naive
because the number of required samples grows exponentially
in dimension, assuming the number of points per axis is held
fixed. At the other end of the spectrum sits the original proba-
bilistic roadmap (PRM), which was “primarily developed for
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robots with many DoFs” (Kavraki et al. 1996). The presendrawn from a uniform, random distribution. In another con-
paper builds on our previous work (Branicky et al. 2001), ilext, such as statistical simulation, the irregularity becomes
which well-known deterministic sampling techniques werénportant, but in motion planning it appears to be an unnec-
shown to offer advantages as replacements to pseudo-randessary burden that complicates the determination of connec-
sampling in the PRM context. We have chosen the originéivity information. For example, it is especially unfortunate
PRM because it eases the comparison: the samples from that the choice of pseudo-random samples prevents the effi-
pseudo-random number generator appear directly as vertigégnt exploitation of regular neighborhood structure that exists
in the roadmap (except those in collision). Along the sped? many deterministic sampling schemes, such as grids and
trum, we develop a sequence of planners that are minor vagttices. It is also unfortunate that random sampling leads to
ants of grids and PRMs, and utilize sampling techniques thiafge regions that are not covered by samples.

have appeared in the quasi-Monte Carlo literature (see Sec-There are important qualifications to the assertions made
tion 3 for an overview). Using the spectrum, we provide a cledp this paper, as follows.

understanding of the relationship between various planners, «
ultimately relating grids to PRMs. Our theoretical analysis
and experimental results lead to the remarkable conclusion
that deterministic sampling methods, including some forms
of grid search, are superior to the original and lazy PRMs. One
excellent idea in the original PRM is to allow two different
sampling “resolutions”: one is for sampling the configuration
space, and the other is for careful collision checking (called
the local planner phase). In the original PRM, this means that
alocal planneris used to connect vertices; in a grid, this means
that few points-per-axis are needed, as long as high-resolution
collision checking is performed to connect neighbors.

It might appear that grid search is doomed to failure be-
cause if we fixk points-per-axisN = k¢ points are needed in
d dimensions. Using pseudo-random sampling, the basis of
the original PRM, it appears thatis chosen independently of
dimension. By defining a consistent quality measure for com-
parisons, it can be seen, however, that all sampling methods
are doomed to the same kind of failure. Section 3 defines the
notion of “dispersion”, which can informally can be consid-
ered as the radius of the largest empty ball that can be placed
in the space after the samples have been chosen. Keeping
the points-per-axis fixed in a grid holds the dispersion fixed,;
one must do the same for pseudo-random sampling. Sukharev
(1971) showed that any sampling scheme will require an ex-
ponential number of points in dimension to maintain a fixed
dispersion. Furthermore, due to results from multivariate or-
der statistics (Niederreiter 1992), random samples yield worse
dispersion than grids. Think about how a collection pbints
chosen at random if0, 1] must leave a sizable gap in some
location; if the largest gap (in one dimension, empty balls be-
come intervals that contain no points) has lengttn 1)

(the smallest possible), we would declare that the sequence is
“too uniform” to be random.

Thus, random samples require some irregularity that is
worse than pure uniformity, in the sense obtained by a grid. A
collection of pseudo-random samples should have too many
points in some places, and not enough in others (see Figure 2).
If the samples are spread out too evenly, then statistical tests
for randomness would fail. Is this required irregularity really
important for generating good samples in motion planning? -«
It should be the case that notions such as regularity and uni-
formity are preferred over the required irregularity of samples

Importance sampling is important. Many recent
PRM methods (Amato and Wu 1996; Amato et al. 1998;
Boor, Overmars, and van der Stappen 1999; Wilmarth,
Amato, and Stiller 1999; Holleman and Kavraki 2000;
Leven and Hutchinson 2000; Pisula et al. 2000; Siméon,
Laumond, and Nissoux 2000) have demonstrated im-
proved performance by concentrating samples in a non-
uniform way, such as along C-space boundaries (Am-
ato and Wu 1996; Boor, Overmars, and van der Stappen
1999) or the medial axis (Holleman and Kavraki 2000;
Pisula et al. 2000; Wilmarth, Amato, and Stiller 1999).
Our work can be viewed as complementary to impor-
tance sampling because there is no reason why deter-
ministic samples cannot be used in the same way as
random samples. Importance sampling in motion plan-
ning has been achieved by either rejection or transfor-
mation of the original samples. For methods based on
rejection, we can immediately provide an alternative
source of initial samples. An example of rejection ap-
pears in the visibility PRM (Siméon, Laumond, and
Nissoux 2000), in which samples are retained only if
they can become “guards” or “connectors”. In this case,
improvements in the visibility PRM have already been
observed by replacing random sampling with determin-
istic Halton points (which are covered in Section 3;
Thierry Siméon, private communication). Methods that
involve transformations are significantly more compli-
cated, especially because the transformations are based
on heuristic parameters. Examples include the planner
in Boor, Overmars, and van der Stappen (1999), which
transforms samples by constructing a Gaussian distri-
bution, and Amato and Wu (1996), in which samples
are perturbed onto the boundaries of the configuration
space. In principle, it is possible to transform uniform,
deterministic sample sets into others that concentrate
samples appropriately. We hope that this paper inspires
ways to improve importance sampling, but this is be-
yond the current scope since such techniques would be
specific to each planner.

A sampler does not have to be a “black box”. Al-

though modest performance gains can be obtained by
replacing the pseudo-random number generator with
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a deterministic “black box” that produces better samer three-dimensional (3D) world that contains static obstacles
ples, this should not be the only goal in future work(Lozano-Pérez 1983). For convenience, assume that the con-
By carefully integrating the design of a sampler into diguration space is parametrized so tfat [0, 1]Y C R,
motion planner, we believe better approaches can be dsd some boundary points are identified to respect topol-
veloped. For example, the original PRM requires neighagy. LetC .. denote the set of all collision-free configura-
bor searching to locate nearby samples; if the pseudtens. A path planning query is a pair of configuratiofss,.,
random sampler is replaced by a regular lattice, theg,,.,). The path planning problem is to find a continuous path,
lattice could be used naively by performing the same : [0, 1] — C/,., such thatr (0) = g;,;, andt(1) = qgu. It

kind of neighbor searching; however, a much fastds assumed to be computationally prohibitive to construct an
algorithm may be obtained by exploiting the regularexplicit representation df,..; however, a collision detection
ity of neighborhood structure. algorithm is available, which can quickly indicate whether a

« Wedo not introduce the fastest planners. Our intent given configuration lies i€ ;.. (distance information could
is to gain insight into planning issues, as opposed @S0 P& computed).

delivering the best planner. Therefore, we do not clai . .
that the planners introduced in this paper are the fast?s?' Classical Grid-Based Search

available, and do not perform comparisons with stat€>rid-based search is considered by many to be the most
of-the-art planners. straightforward form of path planning. Once configuration

« Randomization is sometimes useful. However. its space representations are introduced (Lozano-Pérez 1983), it
: ' becomes clear that each component @§ quantized, and a

ya_lue depends greatly on the p_afad'gm within WhICI}-dimens;ional bitmap representation can be pre-computed by
it is used. For example, in decision theory, random-

ized (or mixed) strategies offer no advantages in am(|aterating a collision detector over all quantized configuration
. gies 9 9aMER1ues. An example of this approach appears in Lengyel et al.
against nature; however, in some zero-sum games

improved value can be obtained in comparison o a de. 90), in which a bitmap is constructed by rasterizing the
P P inkowski sums of robot—obstacle pairs, at discretized rota-

;ﬁggrﬂlhsrtrﬁ(()ocropmuL?tgtrr(?;%grzélgs%fesceonr*:fg(ltngbsgzr;)ét%ion values_. We r_efer to such method_s as “c_Iz_:\s_sian" b_ecause

the use of randomization reduces time complexity fro Shce the bitmap is constructed, Class_lcal artl_f|C|aI mtelhgence
Floamd®*e? to (n* o m)d°®¢2. in which n is rT(]AI_) search techniques may be appllgd to find a solution. A

(n”logn) ¢ (n”log' n) € " neighborhood structure must be defined, such as the set of

the number of polynomials{ is their maximum de- . . . g
gree, andk is the number of variables (Canny 1995),2d ne|ghbor"s for each interior element of the bitmap ("up”,

S : LM ‘down”, “left”, “right”, in the case ofd = 2). Agiven query is
This improvement is small but not insignificant. Every : . :
aradiom of randomization warrants careful investi aquannzed, and the bitmap can then be treated as a graph which
P '9 : zation w s W INVESUIgas searched using algorithms such as dynamic programming,
tion. Other motion planning algorithms may be more

. . . A*, best-first, or bidirectional search, to connggt tog,,.. In
challenging to derandomize. For example, randomiz RO

tion apoears to reduce modeling requirements and ir?]é}ct, the bitmap could also be searched using recent path plan-
rovepr%bustness in mani ulatign qlannin (Erdmanpling methods that are based on incremental search, such as
P pule P 9 (& randomized potential fields (Barraguand and Latombe 1990),
1989). As another example, with rapidly-exploring ran-_ " .. - . ,
dom trees (RRTs: LaValle and Kuffner 2001) the r._multlple heuristics (Kondo 1991), Ariadne’s clew (Mazer etal.
( ' u ) P I1992; Mazer, Ahuactzin, and Bessiere 1998), RRTs (LaValle

mary idea is \19rono_| rl;.nas, which |s_obta:cned thrqugt}ind Kuffner 2001), or the planner in Hsu, Latombe, and Mot-
rgndom Eamp Ing without corr_lputf;}lyohn 0 Voror:ccjn " wani (1999) and Sanchez and Latombe (2001). In some of
g;onst.;' ere;jare_ mgny ways mbWt 'ItC' on? cotu Colr}'hese works (Barraquand and Latombe 1990; Kondo 1991), a
a0 oA b acally used; lsonchecin s oy por.

L 9 fBfmed as needed during the search. It is well known that only
pling in this context.

resolution completeness can be obtained, and that for a fixed
resolution, the number of samples (bitmap size) increases ex-

2. Gridsand PRMs ponentially ind.

In this section we introduce a few influential planners that.3. Original PRM for Multiple Queries
will be discussed in detail in this paper, rather than providinghe PRM was introduced in Kavraki et al. (1996) as a way to

a complete survey of techniques. overcome the well-known curse of dimensionality that exists
) in grid search; it is similar to earlier work by Glavina (1990).
2.1. Path Planning Problem The primary philosophy behind the PRM was to perform sub-

Let C denote the configuration space (or C-space) @f a stantial preprocessing so that multiple queries for the same
degrees-of-freedom (DoF) robot in a two-dimensional (2D3nvironment could be handled efficiently. This is analogous
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BUILD PRM The resulting planner is sometimes very efficient in compari-
1 G.init(); son to the original PRM. This represents a shift from the mul-
2 fori=1toN tiple query philosophy of the original PRM (Kavraki et al.

3 g < RAND_FREE_CONKy); 1996) to the single query philosophy which was used in some
4 G.add_vertex(); earlier planners (Faverjon and Tournassoud 1987; Barraquand
5 for each v € NBHD(q,G) and Latombe 1990; Mazer et al. 1992).

6 if CONNECTg, v) then The key idea in the lazy PRM is to build the roadmap
7 G.add_edge( v); initially without the use of a collision detector. The difference

with respect to the algorithm in Figure 1 is that the condition

in line 6 is dropped, and line 7 is executed every time. This
allows the PRM to be constructed quickly; however, more
&urden is placed on searching in the query phase. Once an
initial-goal query is given, the planner performssearch on

the roadmap to find a solution. If any of the solution edges
are in collision, they are removed from the roadmap, and the
A* search is repeated. Eventually, all edges may have to be
gvfb?cked for collision, but often the problem is solved well
tbe ore this happens. Alternatively, it might be preferable to
{un the search only once on the initial graph, while validating
edges during the search (instead of waiting for a solution and
by repeatedly picking a random configuration until one is dgtgﬁz dv?ggﬁtxgrg)ng%reasn:ﬁ? r?(ta:cli. tcz)ct))zla)td(ljfeg(iostzlgtrlgg dlria
termined by a collision detection algorithm to bedp.. (in ' ynee i map.
practice, of course, pseudo-random configurations are gen?le—P-e advantage of the lazy PRM is that the collision checking
ated). The NBHD function in line 4 is a range query in which> cIJl_nI_y per:]ornllegl as _ne(;ded. Thufs,r?ll ed_g_es ldggcl\); P}avgéosbe
all vertices within a specified distancegére returned, sorted Cr?. 'S'ﬁ.rl' ¢ e% e asl_m t he cahse S. the origina N d:
by distance frong. In line 5, itis sometimes preferable to addt IS phiiosophy imp les that the bitmap is not pre—compute ’
an extra condition, such asdt G.same_componeqt(v)) or collision checking is performed only as needed during the
G.vertex_degreg( < K, for some fixedK (e.g.,K = 15). search.

There have been conflicting recommendations in the research . )

community regarding which method is superior; therefore, fo3. A Spectrum of Sampling Techniques

our comparisons we have implemented one variant that U irst step toward constructing a spectrum of planners from

g f;);ed rtidlgs, ?nd another thtatdusésnearestt nellgh_bors.dthe original PRMto CGSiis to characterize a spectrum of sam-
oth Methoads also use connected component analysis an ﬂﬁg technigues to covet, from pseudo-random sequences
union-find algorithm to avoid unnecessary connections. S

) BT (?grids. A brief introduction to sampling is given here, based

Sr?ctloln 6 1;0r| results. The CONNECT fur_1ct|(;)n in Imed6 usefﬁrimarily on the quasi-Monte Carlo literature (Niederreiter

S ast"oca “p an_n(ke]r tlo a:c,tem[:r)]t iﬂconneCt'oT et\(/\jtpban U 1992; Matousek 1999; Tezuka 2002). The general philosophy
sually, a “straight line” path Itt ;... Is evaluated between is to view sampling as a deterministic optimization problem

4 and'u by mcr_ementally stgp'pmg along using a coII|S|oqn which points are selected to optimize a criterion that is
detection algorithm. A heuristic, node-enhancement phasr%ievant to a particular problem

described in Kavraki et al. (1996), is not considered here.
Once the PRM ha§ been constructed, the query phaseg&—_ Sampling Criteria

tempts to solve planning problems. Essentially, andq,,. _ o ) o ) )

are treated as new nodes in the PRM, and connections are’ptivated by applications in numerical integration and opti-

tempted. Then, standard graph search is performed to connf@#ation, the most common criteria are discrepancy and dis-

Ginir 10 Gpuar- If the method fails, then either more vertices ar@©rsion. Each of these measures the amount of uniformity in

needed in the PRM. or there is no solution. This is analogofi'sCO”ecnon of points. This is different from statistical tests

to the problem of insufficient resolution in CGS. that might be applied to points generated by a pseudo-random
number generator. The criteria are designed to match the prob-

, . lem to which the points are applied, as opposed to simulation
2.4. Lazy PRM for Single Queries of “randomness.”
Arecent PRM variant called the lazy PRM has been proposed Let X = [0, 1]¢ C R? define a space over which to gener-
for the problem of answering single planning queries effiate points. LetP = {p. ... , py_1} denote a finite set oV
ciently, as opposed to building an extensive roadmap prior pwints inX. Let’R be a collection of subsets &fthat is called
consideration of a planning query (Bohlin and Kavraki 2000} range space. With respect to a particular point Beand

Fig. 1. The preprocessing phase: build a PRM.

to the bitmap pre-computation in classical grid-based sear
First, a roadmap encoded as an undirected grépls con-
structed in a preprocessing phase. In a query pliasgeysed
to solve a particular path planning question for a giyen
andg,.,. Each vertex inG represents an element 6f,..,
and each edge represents a collision-free path between
configurations.

The algorithm outlined in Figure 1 constructs a PRM wit
N vertices. In line 3, a random configurationdn,,, is found
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range spaceR, the discrepancy (Weyl 1916) is defined as Each of the two forms of sampling is suited for a different
kind of algorithm. A grid is the most common example of
IPOR] M(R)’ (1) @ point set. Samples drawn using a pseudo-random number
generator are a typical example of a sequence. If the appro-
priateN is known in advance, then a point set should be used.
inwhich|-| applied to afinite set denotes its cardinality, and |f the algorithm cannot determiné in advance, but is able to
is Lebesgue measure. Each term in the supremum considgygementally add more and more points, then a sequence is
how well P can be used to estimate the volumeRfFor  ysually more appropriate. The availability of a sequence from
example, ifu(R) is 1/5, then we would hope that aboutSl  pseudo-random number generators represents a major part of
of the points inP fall into R. The discrepancy measures thehe past appeal of using randomization in motion planning;
largest volume estimation error that can be obtained over alhwever, many other sequences are available.
sets inR. Analysis of discrepancy or dispersion in the quasi-Monte
In most casesR is chosen as the set of all axis-aligneccar|o literature is usually asymptotic (Niederreiter 1992). The
rectangular subsets. In this case, the range space will be ¢gst majority of sample construction algorithms are so simple
noted asR,,,. This is motivated primarily by applications to and efficient that complexity analysis of the algorithm itself
numerical integration. In this case, the Koksma—Hlawka ins not performed. The definition of asymptotic analysis for
equality expresses the convergence rate in terms of a constaifample sequence is straightforward; however, a point set
for bounded variation (in the sense of Hardy—Krause) of thust be converted into a sequence to perform the analysis.
integrand, and the bounded variation is expressed in termsjgfthis case, asymptotic analysis is actually performed over

D(P,R) = sup
ReR

rectangular partitions (Niederreiter 1992). a sequence of point sets. LB} denote a point set in the se-
For applications to optimization, the notion of dispersiorauence. For asymptotic analysis of point séts,, does not
was developed have to contain any of the points frofy. For sequences,
i strict containment must always occur; each iteration adds a
8P, p) = fgxpﬁf‘e',f‘ﬂ’(x’ p): (2)  single point to the previous ones. Therefore, point sets often

appear better than sequences in theory, but they might pose
in which p denotes any metric. Cases in whighis the Eu- difficulties in practice because they may require the specifi-
clidean metric of,, will be referred to as Euclidean dispersioncation of N. A low-discrepancy sequence or point set is one
ande¢> dispersion, respectively. Dispersion can be considerefat yields the best-possible asymptotic discrepancy, which is
as the radius of the largest ball that does not contain an elementy -* log’ N) for infinite sequences an@(N-tlog’™* N)
of P. This represents a natural choice for many optimizatiofor finite point sets, under the common range sgage. Note
problems because the error can be related directly to a Lip#at the second bound is better, for reasons mentioned in the
chitz constant for the function. For example, in one dimensioprevious paragraph. A low-dispersion sequence or point set
the maximum error is proportional to the longest interval thag one that obtains the lowest-possible asymptotic dispersion.
does not contain a sample point. For any¢” metric, both sequences and point sets can achieve
Since alarge empty ball contains substantial measure, theyg N -2/, The remainder of this section provides an overview
is a close relationship between discrepancy, which is measugg{ow-discrepancy and low-dispersion sampling.
based, and dispersion, which is metric-based. For example, for|n the bounds abovey, is the variable considered in the
anyPp, asymptotic analysis (i.e. the limit is taken with respec¥ip
8(P,£*) < D(P, Ruur)™, Therefore, the dimensiod, is treated as a constant. Thus, if

which means low-discrepancy implies low-dispersion. Notd'ere '; a myltiplicz;tive factor which is a function a)flzay
that the converse is not true. An axis-aligned grid yields higﬁ(d)’ then it is not shown in an expression SUCkGE ).

discrepancy because of alignments with the boundaries of sEf2VEVer, it is important to understand that for many well-
in R,.,, but the dispersion is very low. known casesh(d), and ultimately the dispersion or discrep-

ancy, may increase dramatically with respect to dimension.

- ) - Therefore, a substantial amount of recent research has been
3.2. Finite Point Sets and Infinite Sequences conducted to improve sample quality as the dimension in-
There are two important sampling families: (1) finite poin€reases. These issues will become importantin our theoretical
sets and (2) infinite sequences. We will use the term “poidalysis, presented in Section 5.
set” to refer to the first form, and “sequence” to refer to the
second. Fora pqint sgt, the numberjs s.pe.cified .in advance, 3.3. Low-Discrepancy Sampling
and a set ofV points is chosen that optimizes discrepancy or
dispersion. As for any set, there is no notion of ordering i@wing to the fundamental importance of numerical integra-
a point set; however, for a sequence, the ordering of poirtisn, and the intricate link between discrepancy and integra-
becomes crucial. tion error, most of the quasi-Monte Carlo literature has led to



678 THE INTERNATIONAL JOURNAL OF ROBOTICS RESEARCH / July—August 2004

low-discrepancy sequences and point sets. Although motion Improved constants are obtained for sequences and finite
planning is quite different from integration, it is worth evalu-points by using (t,s)-sequences, and (t,m,s)-nets, respectively
ating these carefully-constructed and well-analyzed samplébliederreiter 1992). The key idea is to enforce zero discrep-
Their potential use in motion planning is no less reasonabdancy over a particular subset®f,,. known as canonical rect-
than using pseudo-random sequences, which were also dagles, and all remaining rangesRy,, will contribute small
signed with a different intention in mind. amounts to discrepancy. The most famous and widely-used
Low-discrepancy sampling methods can be divided intfi,s)-sequences are Sobol’ and Faure (see Niederreiter 1992).
three categories: (1) Halton/Hammersley sampling; (2) (t,sJhe Niederreiter—Xing (t,s)-sequence has the best-known
sequences and (t,m,s)-nets; and (3) lattices. The first categasymptotic constanta/d)?, among all low-discrepancy se-
represents one of the earliest methods, based on the origigaénces; in the expressianis a small constant (Niederreiter
ideas of van der Corput (1935), who defined a low-discrepaneynd Xing 1998).
sequence of points if9, 1]. Consider a binary representation The third category is lattices, which can be considered as a
of pointsin[0, 1]. Aone-dimensional (1D) “grid” can be made generalization of grids that allows non-orthogonal axes (Sloan
with resolution 8, then samples are taken &00, Q001, and Joe 1990; Matousek 1999; Wang and Hickernell 2002).
0.010, 0011, Q100, etc. The problem with using such point#As an example, consider Figure 2(e), which shows 196 lat-
in this order is that they scan from left to right, as opposed tiice points generated by the following technique. &die a
moving around in a manner similar to that of pseudo-randopositive irrational number. For a fixed (lattices are closed
sequences. The van der Corput sequence simply takes thesaimple sets), generate ttike point according t@+, {ia}), in
nary counting above and reverses the order of the bits. Durimghich{-} denotes the fractional part of the real value (modulo-
the original scan, the least significant bit alternates in evepne arithmetic). In Figure 2(ey = @ the golden ratio.
step, but this only yields a small change in value. By reversinthis procedure can be generalized tdimensions by picking
bit order, the change is maximized, causing the coveragedo- 1 distinctirrational numbers. A technique for choosing the
be nearly uniform at every point in the sequence. After bit, parameters by using the roots of irreducible polynomials
reversal, the sequence i€000, 0100, Q010, 0110, Q001, isdiscussed in Matousek (1999). Titlke sample in the lattice
0.101, Q011, Q111. An infinite sequence is constructed bys
using reversed-bit representations of higher binary numbers.
The next eight samples are obtained by reversing binary rep- <L, liad), ..., {iad_1}> , i=01..., N—1
resentations of 8-15. N

The Halton sequence is érdimensional generalization Recent analysis shows that some lattice sets achieve
that uses van (_1er Corput sequenced_dffferent baseg, one asymptotic discrepancy that is very close to that of the
fOT eac_h coordinate (Halton 1960). First, ch_odsmlafuvely best-known non-lattice sample sets (Hickernell 1998; Tezuka
prime Integersps, p, - - » pa (usually' the firstd primes, 2002). Thus, restricting the points to lie on a lattice seems to
P :.2! p2=3,...).To construc; théth ;ample, consider entail little or no loss in performance, but with the added ben-
the digits of the pasp representat2|on for |3n the reverse or- o ot 4 regular neighborhood structure that is useful for path
der (thatis, writel = ao + pay + p*az + pas + ..., where 0 hing Historically, lattices have required the specification
eacm_, €{0.1..... p}) and define the following element of ¢ i advance, making them examples of low-discrepancy
[0, 1J: point sets; however, there has beenincreasinginterestin exten-
sible lattices, which represent infinite sequences (Hickernell

a; | ds
et et al. 2000).

a a
rp(i):_0+ -
)4

Theith sample in the Halton sequence is 3.4. Low-Dispersion Sampling
(rpy (@), 7, (@), - s 7, (D)), i=012.... Although dispersion has been given less consideration in the
literature than discrepancy, itis more suitable for motion plan-
ﬁi'ng. Dispersion has been developed to bound optimization
error; however, in a sampling-based motion planning algo-
rithm, it can be used to ensure that any corridor of a certain
i width will contain sufficient samples. This will be shown in
<N’ p (D)o »rpt,l(i)) ; i=01..,N-1 Section 5, which provides a connection between dispersion
and motion planning that is similar to that between discrep-
The construction of Halton/Hammersley samples is simpkncy and integration.
and efficient, which has led to widespread application. How- It turns out that many low-discrepancy sequences are also
ever, the constant in their asymptotic analysis increases dow-dispersion (asymptotically optimal) sequences. This is
perexponentially with dimension (Niederreiter 1992). true of Halton and Hammersley points, which helps explain

The Hammersley point set is an adaptation of the Halton s
guence (Hammersley 1960). Using odly 1 distinct primes,
theith sample in a Hammersley point set withelements is
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i, I
_(a) 19_6 pseudo_-rgndpr_n p(_)in_ts o _(p) 15_96 p_se_udo_—rqr]dom poir_1ts_ (c) 196 Halton points
(d) 196 Hammersley points (e) 196 lattice points (f) 196-point Sukharev grid

Fig. 2. A sampling spectrum. The degree of uniformity in a sample set may be characterized informally as the amount of
variation in the size and shape of Voronoi regions. Is the irregularity produced by pseudo-random sampling really advantageous

in motion planning?

why their Voronoi regions are more regular than those dtuclidean dispersion. Thus, there is at least some insensitiv-
pseudo-random samples in Figure 2. However, the constatytto the metric. Note, however, that the implied constant in
in the asymptotic analysis is usually high, which is the pricthe asymptotic analysis will vary with the use of a different
one must pay for worrying about alignments with elements ahetric. For the case of a Euclidean metric, it is extremely
R. Since dispersion is not concerned with such alignmentshallenging to find a collection of samples that optimizes the
one can do much better. implied constant (Conway and Sloane 1999); however, for the

While grids are a terrible choice for minimizing discrep-¢> metric, the problem is much more manageable, as shown
ancy overRr,,., it turns out that some grids represent the bedty Sukharev.
that can be done for dispersion. Consider Figure 2 once again.The Sukharev sampling criterion (Sukharev 1971) is a
The Euclidean dispersions for the sample sets are (a) 0.116&yer bound which states that for any point #et
(b) 0.1327, (c) 0.0912, (d) 0.0714, (e) 0.0664, and (f) 0.0505.

As the amount of regularity in the samples increases, the dis- 3(P) > —. 3)
persion decreases. 2[N7]

Determining the optimal sequence or pointset (giwamd  Thus, to keep dispersion fixed, the number of samples required
N) in terms of Euclidean dispersion is closely related to thgrows exponentially in dimension. For a grid, this means hold-
notoriously challenging problem of sphere packing (Conwaiyg the points per axis fixed; however, this bounds applies
and Sloane 1999). Fortunately, the situation is much simplgy any sequence. It turns out that for a fixad if N7 is
for £> dispersion. Even though this metric might seem lessn integerk, then the Sukharev grid yields the best possi-
natural than the Euclidean metric, a sequence that has optirbi dispersion, which is precisefyv . This is shown for
asymptotice™ dispersion will also have optimal asymptoticN = 196 andd = 2 in Figure 2(f). The grid is constructed by
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Table 1. A Spectrum of Planners, from CGSto the Original PRM

Classical Subsampled Lattice Quasi-Random Probabilistic
Grid Search Grid Search Roadmap Roadmap Roadmap
(CGS) (SGS) (LRM) (QRM) (PRM)
e Many points per axis e Few points per axis e Non-orthogonal axes e Irregular neighbor- e Irregular neighbor-
o Prohibitive in high e Scales to moderate e Regular neighbor- hood structure hood structure
dimensions dimensions hood structure e Optimal dispersion o Non-optimal
e Optimal dispersion e Optimal dispersion e Optimal dispersion but has high dispersion
e Poor discrepancy e Poor discrepancy e Near-optimal constants o Non-optimal
discrepancy e Optimal discrepancy discrepancy

Note: As supported by the experiments in Section 6 and the analysis in Section 5, the worst planners in the spectrum are on the ends. Classical
grid search suffers from too many points per axis, and the PRM suffers from a poor distribution of samples and irregular neighborhood
structure.

partitioning[0, 1]¢ into N cubes of width 1k so that a tiling located in memory); however, collision checking is performed
of k x k x --- x k is obtained, and a sample is placed at thenly during the search for a particular query—either the multi-
center of each cube. iteration searching approach in Bohlin and Kavraki (2000), or
The Sukharev grid represents a point set. Non-grid, lowthe single-iteration approach in Branicky et al. (2001) can be
dispersion infinite sequences exist that hﬁyas the constant used. Note that there is no initial construction of a roadmap
in the asymptotic convergence rate (Niederreiter 1992). Alsas in the lazy PRM because the grid samples already have
extensible versions of these grids have been developed, whapredefined neighborhood structure. This is a big advantage
yield an infinite sequence (Lindemann and LaValle 2003). of grids and lattices over pseudo-random samples and other
irregular samples, such as Halton points.
In any of the methods described below, note that multiple-
4. A Spectrum of Planners query or lazy, single-query versions may be constructed.

In this section we build on the material from Sections 2 and 3t 2 ina the Original PRM
obtain a spectrum of planners that range from CGS to PRMs™™ mproving the Lrigin
Table 1 provides a summary of the five general families dfiere, two variants of the PRM are considered, a quasi-random
planners that will be described in this section. roadmap (QRM) and a lattice roadmap (LRM), by directly ap-
plying the low-discrepancy sampling techniques described in
Section 3. The QRM and LRM were introduced in Branicky
et al. (2001). Moving from right to left in Table 1, the first
Before constructing a spectrum of planners, it is important tstep derandomizes the PRM by using a deterministic low-
first recognize that multiple-query and single-query versiordiscrepancy sequence or point set, such as Halton, Hammers-
of each can be constructed. In the PRM context, a singlky, or Niederreiter—Xing. This results in the QRM, which pro-
query, lazy PRM was constructed by building a roadmap thaides asymptotically-optimal discrepancy, which removes the
initially ignores obstacles, and then performs collision checlarge uncovered regions shown in Figures 2(a) and (b). Exper-
ing only during the search associated with a single query (refenents in Section 6 show that this yields modest performance
back to Section 2). improvements over the original PRM, and Proposition 6 in
Let CGS refer to classical grid search, as described in Seection 5 shows that random sampling requidgglog N)7)
tion 2. Does there exist a choice between multiple queri¢snes as many samples to reach the same quality level as Hal-
and single queries for CGS? One can definitely construttin points, in terms of dispersion. Recall from Section 3 that,
grid-based analogs to the PRM and lazy PRM. First, comven though many of the low-discrepancy samples (including
sider the configurations represented in the grid as a collectibtalton and Hammersley) yield asymptotically-optimal dis-
of samples ove€. The standard grid neighborhood structurgersion, the implied constants may grow quickly with dimen-
(in two dimensions, four-neighbors, eight-neighbors, etcsion. This problem can eventually be tackled by using samples
immediately determines which edges will be attempted igpecifically designed to optimize dispersion, as opposed to
this “roadmap”. For multiple-query CGS, one simply pre“abusing” sequences that were designed to optimize discrep-
computes a bitmap ovérthat represents the collision regions.ancy and hoping to achieve low dispersion. Note, however, in
The standard neighborhood structure is then used to immedeme applications, vertical alignments may be problematic, in
ately infer which edges are to be used in search. During théhich case it might make sense to focus on both discrepancy
search phase, no collision detection needs to be performaad dispersion.
just as in the multiple-query PRM. For single-query CGS, the The QRM simply treats sampling as a black box, and
grid resolution is simply declared (and the grid is perhaps a&pplies a superior deterministic substitute in the place of a

4.1. Multiple-Query Versus Single-Query
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pseudo-random number generator. Modest performance gaioconnect them (again by interpolation) to a set of nearby
can be obtained; however, because the neighborhood structgriel points. We will refer to this extension as subsampled grid
isirregular, costly neighbor searching must still be performegearch (SGS).
In numerical integration, for which most low-discrepancy se- One final point of concern is: where should the grid be
guences were designed, this is usually not an important cquiaced? It seems reasonable to align the grid axes with the co-
cern; however, in motion planning, building connectivity in-ordinate axes, but the translation remains to be chosen. Typ-
formation is critical. This motivates the development of aically, the “origin” of a grid is at the coordinate origin (i.e.
LRM, which in many ways appears most appealing withim sample appears @, 0, ... , 0)). Letk denote the number
the spectrum. Since a lattice is a non-orthogonal grid, thef points per axis, and let denote the dimension. Suppose
regular neighborhood structure can be exploited to reducelor= 3 andd = 2. A classical grid would place one point
remove the costs of finding nearest neighbors. This is pan the center and the rest along the boundary (assuming no
ticularly advantageous, as stated previously, for single-quetypological identifications). The maximu#é® distance pos-
approaches. sible from a pointc € [0, 1]¢ to a grid point is ¥4 (in a unit

By using lattices, it is possible to obtain near-optimal diseube). Now, consider the Sukharev grid, which provides op-
crepancy and optimal dispersion. Some samples might yididhal dispersion. In this case, the maximum distance is only
better discrepancy at the expense of higher constants with d¢6. Using only two points per axik (= 2), the Sukharev
spectto dimension for dispersion. By using grids, discrepangyid yields a maximum distance of4, which is equivalent
becomes poor, but very low constants can be obtained for dis-that of a classical grid for which = 3. These differences
persion. One drawback of lattices and grids might appear imight appear small; however, for high-dimensional problems
be that the number of point&], must be specified in advance.for which only low-resolution sampling is possible, the differ-
While this is true for most lattices, this is not necessary. F@nce is dramatic. For example, suppdse 10. In this case,
the lattices in Sloan and Joe (1990), the number of points carSukharev grid with® = 1024 points provides the same
be iteratively doubled, while still maintaining good discrepquality coverage (in terms of dispersion) as a classical grid
ancy (Branicky et al. 2001). There is also work on extensibleith 3'° = 59, 049 points. Of course, asbecomes large, the
low-discrepancy lattices, in which points may be added oné@nprovement diminishes; however, for larggit is impracti-
by-one, which results in a infinite sequence that may serve eal to makek large. Thus, the difference remains significant.
a direct substitute for pseudo-random number generatorsNiote also that the improvement diminishes in other topolog-
PRM-like planners (Wang and Hickernell 2000). Note, howical spaces. In fact, on a toroidal manifold, the two grids are
ever, that this substitute maintains nice lattice structure.  equivalent. That said, the Sukharev grid is never worse than

the classical grid, and it is usually much better. Careful grid

4.3. Improving Classical Grid Search placement, as opposed to naive grids, is a theme also evident
The primary problem with CGS is that too many points pel? kinodynamic planning (Donald et al. 1993).
axis (e.g. 100) are typically required. The original PRM ap- All forms of grid search ignore discrepancy, but perform
pears better because it makes clever use of a local plann@fy well with respect to dispersion. Note that SGS can be
This allows collision checking to be performed with high preconsidered as a special kind of LRM in which the lattice is
cision, while vertices in the PRM coarsely sample the spac@Xis-aligned. This completes the spectrum of planners, which
In CGS, collision detection and configuration space samplirijill be carefully analyzed and compared in Sections 5 and
were lumped together. It therefore makes sense to adapt fhéOne somewhat surprising result is that the Sukharev grid,
local planner idea from the PRM to grid search. Due to th@sing only a few points per axis, can solve the same kinds
regular structure of grids, it is easy to view this as subsar@f problems as the original PRM. This confirms a prediction
pling. Assume that the sampling rate for collision checkin§ased onthe Sukharev sampling criterion, eq. (3), whichis that
is much higher than the grid resolution. If we consider a m@n exponential number of samples in dimension are needed
tion from one gr|d pointq, to an adjacent gr|d poirﬁy” then if dispersion is held fixed. If this is the best one can do, then
collision checking must be performed along a sequence BfiS expected that subsampled grid search performs at least
points obtained by linear interpolation (respecting topologyds Well as the original PRM. Note that, just as in the case of
betweeny andg’. This is just like the local planner in a PRM. lattices, one does not have to spedcifyin advance for grids.
The grid can now be interpreted as a kind of trellis of path$ncremental grid sampling, for which points can be added
A similar idea was applied long ago for grid search in Donone-by-one while maintaining good sampling properties are
ald (1987). The advantage of this approach is that we migifttroduced in Lindemann and LaValle (2003).
be able to solve a query using a low resolution for the grid,
yet still bg able to check for collisions at the_requ_ired Ieve\ds_ Theoretical Consider ations
of resolution. Good performance can be obtained if there are
no narrow corridors in the configuration spacey,lf, and/or The next step is to characterize the theoretical performance
4.« 90 not lie on the grid points, then attempts can be mads# the planning algorithms along the spectrum. Let DRM (for
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Table 2. Our Analysis Followsthe Spirit of That Used in Quasi-Monte Carlo Literature

Quality Difficulty Theoretical
Problem Measure Measure Bound
Integration Discrepancy Bounded variation constant Koksma—Hlawka inequality
Optimization Dispersion Lipschitz constant Niederreiter inequality
Planning Dispersion Corridor thickness Our analysis

deterministic roadmaps) refer to all of the deterministic plarsion of planner performance in terms of parameters that are
ners presented in Section 4 (QRM, LRM, CGS, and SGjijfficult to measure is common in randomized planning anal-
under the condition that they use asymptotically dispersiogsis (Barraquand et al. 1996; Lamiraux and Laumond 1996;
optimal samples. Note that deterministic sampling enables &lbu et al. 1998; Hsu, Latombe, and Motwani 1999; Bohlin
DRM planners to be resolution complete, in the sense thatahd Kavraki 2000). If a solution does not exist, our determin-
itis possible to solve the query at a given sampling resolutioistic planners are able to declare that either the solution path
they will solve it. The resolution can be increased arbitrarilynust travel through a narrow passage that has a width smaller
to ensure that any problem can be solved, if a solution existban a specified value, or there is no solution. Such a result
This is in contrast to the original PRM and other randomizenhight be useful in applications because once the corridor is
variants, which are only probabilistically complete (Latomb&nown to be narrower than a reasonable precision level, the
1991)—the probability tends to one that a solution will besolution might be impractical anyway.
found as the number of samples grows to infinity. We assume that for any PRM-like method, the radius pa-

Table 2 illustrates our motivation in the following analysisameter used to select neighbors in the NBHD function from
by making an analogy to analysis results from the integratidme 5 of Figure 1 is always sufficiently large. In theory, the
and optimization literature. In quasi-Monte Carlo literatureradius can be made large enough so that an attempt is made to
the analysis of a sampling method is based on relating a difiennect every vertex to every other vertex. In practice, this of-
culty measure for the problem at hand to the quality of the sarten becomes inefficient; therefore, a smaller value is typically
pling technique in terms of this measure. Low-discrepanaysed.
samples were developed to perform better than random sam-Let y = (g1, q.0a) denote a query. The sdt(C ,..), of
ples for numerical integration. As mentioned in Section 3.3l queries in whichgi.., € Cyrees Geoar € Creer @NAGi0 #
this relationship is given by the celebrated Koksma-Hlawka,,., for a givenC,,,, is called the query space 6f,... Let
inequality, which expresses the convergence rate in terfis(C,..) < I'(C,...) denote the set of all queries for which a
of D(P, R,..) discrepancy and a constant that captures treolution exists.
bounded variation (in the sense of Hardy—Krause) in the inte- Recall thatC = [0, 1]¢ c R¢, with boundary points possi-
grand; see Niederreiter (1992) for more information. Lowbly identified to respect topology. Ldt represent the subset
dispersion samples were developed to perform better thafthe power set of corresponding to all open subsets that
random samples in numerical optimization (Sukharev 19719an be constructed with algebraic constraints, as formulated
This is established by an inequality due to Niederreiter (1992)) Latombe (1991).
which expresses the convergence rate in terms of dispersionLeta “tube”,3, representan uncountable collection of balls
and a Lipschitz constant for the function to be optimizedf equal radius whose centers are generated by a continuous
Inspired by these results, we have obtained a bound that gath,z : [0, 1] — C,,... For eachs € [0, 1] there exists an
presses the convergence rate in terms of dispersion and tieen ballB € B that is centered at(s) and has radius,
width of the narrowest corridor i@i,,... The corridor thick- which is fixed for allB € B; let B(s) denote the ball centered
ness appears to be a natural measure of difficulty, and has beén(s). We call 2- the width,w (), of the tube.
considered previously in Barraquand et al. (1996), Bohlinand Let V (¢) denote the set of all points visible from a point
Kavraki (2001), and Hsu et al. (1998). If there is no informag € C/,.. (i.e. for eachy’ € V(g), Aq + (1 —1)q’ € Cy,.. fOr
tion regarding alignments of the obstacle€irt seems that all A € [0, 1], assuming that topology is respected in the in-
dispersion is the most natural quality measure to use for mterpolation). An alternative definition may be preferable here.
tion planning. (In some particular contexts, however, it mighthe setV (¢) could be all configurations from which a gra-
be appropriate to consider various forms of discrepancy.) dient descent on & metric converges tq. This would be

We define a cylindrical tube, and the “width” 6f,.. is preferable, for example, near cusps in éhe, boundary.
expressed in terms of the largest possible cross-section of theSuppose that a quety € I';(C,,..) is given. Among all
tube, over all possible queries. Measuring this parameter mpgssible tubes, Ié8(y) denote the tube with the largest width
be as difficult as the planning problem; however, the expresuch thatB(0) C V(gi.,) and B(1) C V(gu)- In other
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words, the entire first ball is visible frog,;,, and the entire terpolation between,,;; and any point inB(0) are collision
last ball is visible fromy,,,,. Denote this largest-width tube free. Thereforeg;,;, will be connected to a configuration in
as theB(y), and call its width the widthw (), of the query. P (either one contained iB(0), or at least one in the same
For any queryy € I'(C..) \ I's(C...), we say that its width connected component @f as a configuration oP that lies

is zero because no tube exists. in B(0)). Using a similar argument fa (1), g, will also be
Define the width of’,,., as connected to a roadmap vertex.
_ It finally remains to show that there exists a patitite-
W(Cree) = F'?f )w(V)~ (4)  tween the two configurations iR to whichg,,,, andg,.., are
YEls(U free

connected. Consider the balls®®as parametrized usirgys)

Let W(x) for x € (0, oo) denote the set of all ;.. € ¥ such fors € [0, 1]. We construct a sequenag, . . ., g, 0f k con-

thatw(C,,..) > x. Intuitively, this can be considered as thefigurations as follows. Lej, be any element aP N B(0). Let

set of problems for which the width of the narrowest corridof: € [0, 1] denote the last point at which the b&ls) contains

is at leastr. qo, by starting withB(0) and increasing continuously. Let;
Suppose that the roadmap, is constructed for a particular be any element of N B(s1) \ {go}. Note that theB(s;) must

C ree- Then, the algorithm is said to be completedoy,. if all contain at least two points iRl because lies on its bound-

queries inC(C ,,..) are answered correctly in the query phaseary. Inductively, letg; be any element of N B(s;) \ {gi-1},

A solution path must be reported if one exists; otherwisavheres; is the first point at whictB(s) does not contaig; ;.

failure is reported. Note that the induction is finite, and lgt_, denote the final
Our first two results establish the resolution completene§gnfiguration in the sequence.

and complexity of all DRM planners. Therein, we only as- We argue that there must exist a pathdrbetween each

sume that sampling is accomplished using aBaif low-  Pair, g;, g1, of configurations foi € {0, ...,k — 2}. The

dispersion points, for which(P, p) < b(d)N-Y4, in which pointg; mustlie on the boundary d@f(s;.); therefore B(s;,1)

b(d) is a constant that may depend on the dimensioRor ~contains two points oP. Furthermore, all points between

Halton/Hammersley points,is a function of the largest prime @ndg, 1 via linear interpolation must be collision free. The

used in the construction. For many low-dispersion sequenc@gorithm in Figure 1 would either have produced an edge

including a multiresolution Sukharev grie{d) = 1, whichis between them, or failed to because both were already part of

a small constant that is independent of dimensiod/, 1§ re-  the same connected componentofEither way, there exists

stricted to values such that/ is aninteger, theb(d) = 1/2. @ path inG betweeng; andg, 1. By applying this for each

A low-dispersion sequence for whidhd) = IAA and no configurationinthe sequence, there exists a pathtietween
restriction is placed oW is given in Niederreiter (1992)— 9o andg,.. Furthermoreg, is connected t@;,,, andg;_, is
surprisingly, it is not uniform. connected t@,,,. Therefore, the query is correctly answered

Propositions 1-3 hold for any metric, provided that boti®y returning a solution path. . _
tube width and dispersion are measured using the same metric'Ve now turn to the case in whiofi = [0, 1]\ ~, in
p. Propositions 4—6 hold for norms (which are all related byhich~ denotes boundary identifications needed to appropri-

constants in subsets Bf') under the same provision. ately reflect the topology of transformation groups that arise
in motion planning:S*, P2, etc. For the dispersion measure-

PROPOSITION. ~ After N iterations, all DRM planners are monts o, 1), balls near the boundary have to be contained
complete for allC,.. € W(4b(d)N—), in which N is the entirely inside the unit cube. Once identifications are con-
number of points{ is the dimension of,, andb(d) is afactor  gjgered, some balls are allowed to overflow as long as their
that depends on the sampling method. center lies iN0, 1]. Sinces(P, p) < b(d)N-Y for [0, 1],
Proof. Suppose first that = [0, 1] (ignoring any identifi- these overflowing empty balls cannot have radius larger than
cations). Assume that,,., € W (2b(d)N-*). To show com- 2b(d)N~Y4, Thus, the dispersion in the part of the proof for
pleteness, we establish that, for any solvable query, a solutitth 11 is simply scaled by two for the case [, 1]\ ~ by

path will be found; leys € T',(C ...) be such a query. Becauseassuming’ ., € W(4b(d)N ") in the first step, which es-
Cfree € W(2b(d)N-4), there exists atub®, of width atleast tablishes the proposition. O

2b(d)N~Y4, such thaB(0) C V (gini:) andB(1) C V (Gzoa)- Proposition 1 can be reworked to bound the width of the
Let P denote the set of sample points, which is also thguery:

set of vertices in the roadmag;. Each ball3 € B must PROPOSITION2. After N iterations, all DRM planners, for

contain at least ong € P. This follows from the fact thav . .
S . a queryy, either report a solution path or correctly declare
samples were generated, and the asymptotic dispersion bmﬁ%‘é{ one of the following is true: there is no solution path, or

is8(P, p) < b(d)N~Y, If any ball of radiusb(d)N-¢ is 14

empty, then the dispersion would violate this upper bound.w(y) < 4b(d)N"
First, consider connecting,,;, andg,,. to the roadmap. Proof. This follows directly from Proposition 1. Since DRM

SinceB(0) C V(g:..), all configurations found by linear in- planners are complete fob (4b(d)N~Y), if no solution is
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The following proposition gives some indication that ran-
dom sampling does not yield the best possible asymptotic
convergence in the PRM,; in fact, it is significantly worse than
using deterministic sampling.

PROPOSITIONG6. For a fixed dimensiory, the PRM with
random sampling require8((log N)7) times as many sam-
Fig. 3. A narrow corridor inCy,.., used in the proof of ples (with probability one) as DRM planners to achieve the
Proposition 3. samer> dispersion.

Proof. It was shown by Deheuvels (Niederreiter 1992)

that ¢ dispersion for random samples@((log N)7 N~7)

with probability one. The asymptotic dispersion in a DRM

achievesO (N~7). The factor difference between the two is
The next proposition indicates that if the dispersion is & ((l0g N)). O

leasts, then a DRM or PRM planner might miss solutions in

corridors of widths.

PROPOSITION3.  For any sample seB, that has dispersion 5-1- Relating the PRM to Grid Search
at least5, no roadmap constructed using the algorithm in Fi
ure 1 can be complete far \ W (3).

found afterN iterations, therw(C;,..) < 4b(d)N~** and
w(y) < 4b(d)N~Y4, O

%We now discuss the implications of the previous propositions.
Consider Propositions and 1 and 2. Us#igdispersion and
Proof. We argue that completeness s lost by producifiga  selectingN such thatN"? is an integer, the Sukharev grid
and queryy € I',(Cy,..) that will be answered incorrectly. If yieldsb(d) = 1/2, which is the best possible performance
the dispersion ig, then there exists a balg c [0, 1] with  that can be obtained. An exponential number of samplés in
radiuss such thatP N B = . Consider the corridor shown is required, but according to Proposition 4, thisis unavoidable.
in Figure 3. Assume that no tube greater than widtfan be  (Note that the PRM cannot even provide these deterministic
placed in the corridor. I€,,,. is chosen so thaB is located guarantees.) The PRM at least has asymptotic analysis that
as shown in the shaded area, then there will be no path inestablishes probabilistic completeness and convergence (Bar-
that traverses the corridor. For any point on one side of thhaquand et al. 1996; Kavraki et al. 1996). However, Proposi-
corridor outside oB, the straight-line path to any point on thetions 5 and 6 indicate that the asymptotic rate of convergence
other side of the corridor outside 8fwill intersectC\ C,,... obtained by the best deterministic sequences (including the
Thus, a solution path will not be found. O Sukharev grid) is asymptotically optimal, and the use of ran-

From this the next proposition follows, which establishe%om samples is worse by a significant factor (with probabil-

; . ; ity one). Proposition 6 quantifies the problems with random
that any PRM approach will require an exponential numbe ; . - . )
. . ampling. To satisfy statistical tests for uniformity, a pseudo-
of samples. Itis assumed that the sampling scheme generate

S oo
samples independently of the obstacle region. random number generator must clump too many points in

some places, and not enough in others. If the distribution of
PrOPOSITION 4.  Under any sampling scheme (includingpoints is “too uniform,” then it will fail statistical tests. The
pseudo-random), a roadmap requires a number of samptiterministic samplers, on the other hand, carefully disperse
exponential in dimensioni, to be complete fow (). the points without this wasteful concern.
Proof. This follows immediately from Proposition 3 and the One expectatio_n that arlises lfrom the theoretical analysis is
. L that a Sukharev grid withv @ ] points per axis should perform
Sukharev sampling criterion, eq. (3). :
at least as well as any collection &f samples (over a broad
We now consider asymptotic bounds for DRM plannersollection of problems). Thus, there is nothing inherently bad
The next proposition indicates that DRM planners do the beabout grid sampling.
possible, asymptotically. We expect that if the original PRM could solve a class of
Ileroblems usingV pseudo-random samples, the E)erformance
should be at least as good if a Sukharev grid Wittv 7 points
per axis is used instead, since the dispersion must be atleast as
Proof. By Proposition 3, to be complete fdr(§), the disper- small. This expectation motivates our experiments in which
sion must be less thah Thus, the goal of a DRM algorithm problems of the level of difficulty considered in the original
should be to reducé using as few samples as possible. Th®RM are solved by Sukharev grids that only use a few points
low-dispersion sequences achieve the best possible asympr axis. This will be demonstrated in Section 6, along with
totic dispersion. Therefore, the number of samples used ather experiments that show advantages of low-discrepancy
DRM planners is asymptotically optimal. OO sequences such as Halton points.

PROPOSITIONS.  The number of samples required by DR
planners to be complete fdr(§) is asymptotically optimal.
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6. Experiments mer indicates the minimum resolution Sukharev grid capable
of solving the problem. The latter refers to the minimum res-

Thus far, we have argued that there is a spectrum of planneiation such that it and all higher-resolution grids solve the
between CGS and PRMs, which includes subsampled giidoblem. (For example, in the 3D corridor with a large ra-
search, lattice roadmaps, and quasi-random roadmaps. Algius, the first solution uses five points per axis, and the guar-
our theoretical results strongly suggest that low-dispersiainteed solution uses 11 points per axis.) Since Hammersley
sampling will asymptotically outperform random samplingpoints constitute a point set rather than a sequence, there are
for roadmap algorithms. However, it is also useful to seffirst” and “guaranteed” values for them as well; however, the
how significant these benefits are for typical motion planningifferences are typically much less significant than with the
problems. In addition to this general concern, there are seSukharev grid, and so we omit them. Table 3 gives our results.
eral questions which are of particular experimental interest. We see that Hammersley and Halton points outperform
These include the following. How do deterministic samplegandom sampling virtually across the board, and Sukharev
perform as dimension increases? Does using a large conngfids often do as well. Except for the 10-dimensional case,
tionradius with random samples allow them to perform as weghe first Sukharev solution has fewer samples than the number
as more uniformly-distributed deterministic ones? Does aXi$equired by random sampling; often, however, the guaranteed
alignment work in favor of or against deterministic samplesgo|ution has as many or more. This illustrates a fundamental
In this section, we present five sets of examples, designgfadvantage of sampling using point sets: it is often not pos-
to answer these questions and illustrate different aspects(hie to know how many points are required to solve the prob-
deterministic versus random sampling. lem. If one chooses an “unlucky” value of, then one may

_ We implemented the algorithms using the Motion Strategijj to solve the problem even though many samples have been
Library (http://msl.cs.uiuc.edu/msl/) in GNU C++ runningiaien. There are several ways one can construct an infinite
Linux on 2.0 Ghz PCs. The PQP collision detection packsequence from finite point sets, such as iterative deepening
age from the University of North Carolina was used. For anyy some multiresolution approach (Lindemann and LaValle
problems that involve 3D rotations, sampling was performeglyz) These experiments strongly suggest that effective grid
over the Euler angles (as opposed to using the Haar meayyjing requires an incremental approach. As expected, ran-
sure). Figure 4 depicts our five examples. First, we examingy ' sampling seems to gain versus deterministic sampling
the problem of a point robot moving througialimensional -\ on, the radius is increased. However, this does not seem to

_tl)_ﬁ.m c_orridor (we show regults for thﬁ caslefs 2,36, 1?‘)(.:1 be significant. It may be that Hammersley and Halton points
IS gives us an opportunity to see the performance of det [so benefit from a larger radius, more so than Sukharev grids

m_|n|st|c'and random sampling techmques inlowand moder fecause for grids, neighborhoods are very clearly defined by
dimensions. Also, for some experiments we choose a rand

. DA A points’ regular spacing).
rotation to apply the sample set; this eliminates any axis align Also, we give results for the cases with rotated samples,

ments (the base exz_amp_le is a>_<is_-a|igned). S_econdly, we h%\c/)? the problems of two, three, and six dimensions. As seen
thricpi)srgg) lffg]moafl g;tr;caTqu ; gglzxg?:ym(aofﬁ;et trt;gl;, rtr?o?ic?rq Table 4, the differences are minor. This indicates that the
b : ge. : bie yp deterministic sequences are not benefiting unduly from axis
planning problem, and we use it to examine the effect of tha ignments

connection radius on planner performance. Thirdly, we takea . .
P b Y Table 4 gives the results for the problem of moving a truck

similar problem: placing a feather in a cup. Fourthly, we have . .
the problem of moving an L-shaped robot through a hole iﬂu_t5|de of a cage and for placing afegther into acup. No spe-
a wall. By varying the position of the wall and the Iocationcmc comments need to be made; as in the previous example,

of the hole, we obtain a notion of “expected performanceHammerS|ey and Halton points perform the best. Sukharev

for deterministic samples analogous to that which naturalf'ds aré impaired by the fact that there are limited choices
arises for random ones. Finally, we examine the case of resolution (four, five, and six points per axis yield 4096,
articulated robot in the plane. This is another example of &+625, and 46,656 samples, respectively). Once again, incre-
moderate-dimensional problem, and its configuration spaf&ntal grid-based approaches should offset this disadvantage
has a different topology than the previous examples. or perhaps eliminate it entirely. For these examples, we tried
The bent corridor experiments presented here can be cW® different connection approaches. First, we used a fixed
sidered as a continuation of those in Branicky et al. (2001)fadius (as in the other experiments); secondly, we tried con-
We examined random samples, Hammersley and Halt&§ctingtoanode’® nearestneighbors. Note that one must be
points, and Sukharev grids. For Sukharev grids, we give réarefulwhentaking nearestneighbors onagrid, since many
sults for “first solution” and “guaranteed solution”. The for-n€ighbors can be equidistant. This issue can be resolved by ei-
ther randomized techniques (choosiKigat random from the
1. Regrettably, the original figure of bent corridor experiments contains get of equidistant), or deterministic techniques, which could

typographical error: the width values given are actually 1/2 of the actuauarantee greater uniformity though at greater cost
width used. '
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!
.

Bent corridor

Arm
Fig. 4. The first frame shows a 2D rendering of the bent corridor series of experiments. The truck, cup, and elbow are 6-DoF
rigid-body problems, and the final frame shows an articulated robot in the plane.

Elbow

Table 3. Comparisons of the Number of Samples Required to Solve Bent Corridor Problems, With Small and Large
Radii

Dim Width Rad Rand Ham Hal Suk_f Suk_g
2 0.04 0.1 1058 335 962 121 625
0.5 522 87 322 25 441
3 0.10 0.2 1592 630 943 729 1331
0.6 913 232 943 125 1331
6 0.20 0.3 37069 37000 16958 15625 15625
0.6 12613 6200 3064 729 15625
10 0.40 0.6 10541 5000 7300 59040 59049
0.7 5415 4000 7300 59049 59049

Note: Results for random sampling are averaged over 100 trials.
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Table 4. Comparisons of the Number of Samples Required to Solve Bent Corridor Problems

Dim Width Rad Rand Ham Hal Suk_f Suk g
2 0.04 0.5 511 217 266 25 316
485 214 92 164 216
475 117 179 41 332
536 236 362 132 296
485 226 123 56 253
3 0.10 0.6 678 760 294 265 563
679 268 1744 569 569
687 383 257 216 216
667 254 822 269 541
751 830 858 440 440
6 0.20 0.6 6487 2239 3321 8855 8855
7472 4512 3960 10765 10765
6960 2293 6786 477 9285
7546 8744 4504 9119 9119
6402 8637 3425 9149 9149

Note: A rotation matrix was constructed by generating random Euler angles, and the rotation was applied to the sample set;
five tests are shown. Note that for the Sukharev gyid s not necessarily an integer because samples that lie outgidlelgf
after rotation are discarded.

Table 5. Comparisons of the Number of Samples Required to Solve Two 6-DoF Problems, With Small and L ar ge Radii

Prob Conn Rad/K Rand Ham Hal Suk_f Suk_g
Truck Rad 0.4 8352 6600 7925 46656 46656
0.6 3009 1300 1100 15625 15625
K-Near 20 8293 1300 6224 46656 46656
100 2507 1300 2105 15625 15625
Cup Rad 0.4 4751 1400 4500 15625 15625
0.6 1920 100 2500 729 729
K-Near 20 3672 100 2500 729 729
100 1449 100 1500 729 729

Note: Results for random sampling are averaged over 100 trials.

For random samples, it is natural to consider expected pgrerformance” by taking a set of similar problems and exam-
formance, rather than performance for a particular trial. Thising performance over the entire set. The basic problem we
is essential, because the performance of random sampling camsider is that of moving an L-shaped robot through a hole
vary significantly from trial to trial. However, the performancein a wall. The wall is aligned with thez-plane; however, its
of deterministic sequences does not change from run to rymsition varies along the-axis. Also, the position of the hole
is it possible to have a notion for deterministic sequencearies in theyz-plane.
similar to expected performance for random samples? For In Table 7, we give the results of experiments with an ar-
problems of numerical integration, theorists consider the ekieulated robot (eight links with a fixed base, yielding eight
pected error of deterministic sample sequences over a sefDifF). The arm was extracted from one opening and inserted
problems (the set is equipped with a probability measurehpto another.

There does not seem to be any meaningful analogue for mo-All of the experiments so far have considered multiple-
tion planning problems (i.e. how would one define a probaguery versions of the planners. In Branicky et al. (2001), a
bility measure over all motion planning problems?) Howevesingle-query lazy LRM was evaluated by using the extensible
our fourth example attempts to capture the spirit of “expectddttices presented in Sloan and Joe (1990). For the case of
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Table 6. Comparisons of the Average Number of Samples 7. Discussion
Required to Solve the Problem from Figure 4(d)
Hole Rand Ham Hal Suk_f  Suk_g We have provided a spectrum of planners that ranges from
0.2 136 72 123 729 729 CGS to the PRM. Surprisingly, the original PRM does not
01 2989 2444 2419 10949 10949 appear to be advantageous over deterministic approaches, in-
cluding grid search, according to both our experiments and
The wall was placed at = 0.2, 0.3, 0.4, 0.5 and they andz 99 g b

dinates of th ter of the hol od f 031005 ur theoretical analysis. Since the “probabilistic” theme of
coordinates ot the center ot the hole varied from 9.5 10 9. Ms does not seem advantageous, it is perhaps better to
increments of 0.1), leading to 36 total experiments. ResultsEé

fer to th id h, RRTs, and other related pl
shown for two different hole sizes (the height and length of t f 1o these, gric search, S, and Oter reiated planners

X : & instances of sampling-based motion planning. This distin-
Lost;%tvv\\ll:;g'g’ and the width was 0.03). The connection rad{:]{ﬁshes them from exact or combinatorial motion planning

algorithms (e.g., O’'Dunlaing and Yap 1982; Schwartz and
Sharir 1983; Canny 1988). Within sampling-based motion
planning, one can imagine subclasses based on whether an ap-
Table 7. Comparisons of the Number of SamplesRequired proach is multiple-query or single-query. For multiple-query
to Solve theArticulated Robot Problem planning, both probabilistic and deterministic roadmaps could

Rad Rand Ham Hal Suk_f Suk_g fallunder a category of sampling-based roadmaps.

05 476 200 223 256 256 Based on our work, we believe one of the main factors

0.9 442 200 293 256 256 for the success of the orlgl_nal PRM_ was the excellent use of
subsampling, which for grid sampling, enables challenging
problems to be solved with only a few points per axis. In the
original PRM, this idea also contributed greatly to the perfor-
mance. Although there appears at first to be no exponential

single-query planning, the lattice structure could be exploitedePendency on dimension becauées chosen directly, the
to avoid virtually all of the pre-computations that were re€xponential dependency reveals itself once again if we try to
quired to set up the initial PRM. For the sake of completenesﬁ?'d dispersion fixed. The notion of fixing the dispersion is
we reproduce results from Branicky et al. (2001) regarding tt#eneral enough to mean keeping the resolution the same for
performance of lattice point sets in lazy planners for the elbod, 9rid, while also applying to any sampling scheme. Using
cup, and truck problems (Table 8). The first column gives tHd- (3), the Sukharev sampling criteriavy can be consid-
problem name. The next three columns (N_min, N_max, arffed as the best possible “points per axis” for any sampling
N_avg) give the minimum, maximum, and average numbegsheme, whether or n_ot it is a grid, and also whether it is
of nodes needed in the lazy PRM, averaged over 25 trials. THhdom or deterministic.
column labeled Lattice shows the number of nodes for the lazy
LRM. .The next thrge columns (T_min, T_max, T_avg) giV‘?].l. Very High Dimensions
the minimum, maximum, and average computation times in
seconds, including both pre-computation and searching. Ttée note that our experiments focused mostly on six dimen-
PreCmp column indicates how much of the average computiens, with some examples in Branicky et al. (2001) up to
tion time was devoted to setting up the initial roadmap (befotten dimensions. This includes many problems of interest in
collision checking is performed). The final column gives theobotics, but examples exist in robotics and computational bi-
total amount of time in the lazy LRM. These times are mucblogy in which there are dozens or hundreds of dimensions.
smaller because there is essentially no pre-computation ti®@bviously, even a Sukharev grid with two points per axis
due to the fact that the neighborhood structure is immediatelyould be impossible to manage for some problems, while
inferred from the lattice. Thus, for single-query problems, thpseudo-random samples would appear to have no trouble. One
advantages of deterministic sampling become even greatestraightforward way to use deterministic sampling would be
In conclusion, our experimental results show that in addie use a non-lattice sequence in the place of pseudo-random
tion to being asymptotically optimal, low-dispersion samplingamples. In very high dimensional problems we expect, how-
methods perform well for ordinary motion planning problemsever, that the performance differences between using pseudo-
Halton and Hammersley points outperformed random samandom sampling and deterministic sampling would be neg-
pling for nearly all of our experiments, and Sukharev gridigible for most problems. This is due primarily to the fact
were often competitive. In cases where grids were not corthat spaces of this dimension will be severely undersampled,
petitive, it is likely that some kind of incremental grid-basedegardless of the sampling scheme used (i.e. the “points per
sequence would be. Since our experiments represent a fa@lyis” for any sampling scheme would be approximately one).
broad range of problems, we believe that our results will holBor example, in/ dimensions, there are uadrants, one of
for a large class of motion planning problems. whose interior must be empty if less thahs2mples are used.




LaValle, Branicky, and Lindemann / Classical Grid Search and Probabilistic Roadmaps 689

Table 8. Comparisons of the Number of Nodes and Time Required to Solve Several 6-DoF Problems Using the Lazy
PRM and the Lazy LRM

Prob. N_min N_max N_avg Lattice T _min T_max T avg PreCmp Lattice

Elbow 1250 15250 4667 3963 7.00 718 287 212 10.1
Cup 2000 12000 4800 2152 2.33 253 36.9 15.9 1.23

Truck 5000 95000 35207 5138 11.20 5480 935 800 18.5

Note: Results for the randomized version are over 25 trials.

7.2. Search Issues reasonable coverage of the configuration space, even though

only the firstV points in the sequence are used. Also, one can

_Graph §earch_ing ils one of tf;i OldiSt and most tf)undszznéaclsily add more PRM vertices by taking the next points in the
issues in motion planning. Although most PRM-based p ar%'equence. In general, it is desirable to have a deterministic

ners useA slearch,.|t IS important t.o revisit some of thesequence that behaves in a similar manner, but also provides
basic search issues in this context. Given the close connect

h - thi it shoul Wg\imal dispersion and/or discrepancy. The Halton sequence
drawn between. CGS and t, e PRM In this paper, 't,s ould Behieves this, which makes it an attractive replacement to the
clear that classical search issues which apply to grids shoy

| I Kh - hat h dom samples in the PRM. It is possible, however, to use
also apply to PRMs, QRMs, Sukharev grids, etc., that AVER infinite sequence that maintains lattice structure while in-

Ir?rghe(;].umbe.r of slamples. Ea PEM has thoulsantljs gf_nodes 'Er%mentally yielding low dispersion and/or discrepancy. Low-
Igh-dimensional space, then the commonloca m'n'maproﬁfscrepancy extensible lattices that are infinite sequences have

lems associated with search most likely exist. Many singl yeen introduced recently in Hickernell et al. (2000). In Bohlin

query m°“°’? planning algorithms were developed precis_e 001), a trellis is iteratively maintained (similar to SGS),
to handle this problem. Potential field approaches have Ml 5 hyperplane of samples is added in each iteration before

proved_ search by using heuristics to perform a greedy sea, Qarch is performed again. In Lindemann and LaValle (2003),
(Faverjon and Tournassoud 1987; Barraquand and Latomgge jple grid-based sequences have been introduced. In this

1,990; Hwangl and Ahuja 1992). For the randomized potentig se, the sequence could serve as a replacement to the pseudo-
f'eld planner in Barraquand.and. L.ator'nbe (1990), thg S€athdom number generator, or it could be used as a basis for
IS even [()jerformed over anl |mp|I|C|_t 9”0" aﬂd ra_ndomléatlog multiresolution planner. Conceptually, there is not much
was used to try to escape local minima. Thus, it can be Cofjgterence hetween adding more points to a PRM or adding

sidered as a lazy, single-query CGS, withsearch replaced 0 qints to an extensible lattice. Thus, the two are closely
by the potential field method. The planner in Donald (1987r)elated

can also be considered as a lazy CGS planner. Of course,

many other planning approaches can be considered. Incre: . .

mental searching methods, such as Ariadne’s clew (MazZ?rA" Selection of Quality Measures
etal. 1992), bidirectional RRTs (LaValle and Kuffner 2001)If nothing is known about the space and a lazy, single-query
or the planners in Hsu, Latombe, and Motwani (1999) angpproach is used, then dispersion seems to be a natural mea-
Sanchez and Latombe (2001), can be considered as altersare of sample quality. If it is known that alignment problems
tives to A* search in any roadmap approach. As the impliciéxist, then it is better to use discrepancy with a range space
grid resolution in a lazy CGS planner becomes higher, it ipat is aligned. In our experiments, we have found that if the
clear that the sampling itself is not as important. The key isoundary ofC,,.. is axis-aligned and a grid-based sampling
how to search in a bounded metric space. is used, the average computation time over many examples
appears about the same, but the variance is higher. In some
cases, the alignment helps, and in others it hurts. For multiple-
guery problems, it might seem that measures such as whether
Our work helps shed some light on the relationship betweeamples lie within mutual visibility regions would be more
the PRM and multiresolution search (e.g., Faverjon 1984&ppropriate. This could ensure that far-away samples could
Kambhampati and Davis 1986; Latombe 1991). One disadennect to each other when building the roadmap. However,
vantage of the Sukharev grid is that for each increment of tlieis not clear how this could be achieved since it is assumed
points per axis, the total number of points increases dramatitat the obstacle regionis only implicitly represented, and thus
cally for higher-dimensional problems. This was why in somenly revealed by the sampling process itself. Thus, it seems
experiments, the Sukharev grid performed poorly. The PRBifficult, if not impossible, to develop a general-purpose sam-
relies on a pseudo-random infinite sequence, which yieldgpéing theory that is based on visibility. Note that rejection

7.3. Multiresolution Approaches
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schemes, such as that used in the visibility PRM (SiméoBarraquand, J., and Latombe, J.-C. 1990. A Monte Carlo
Laumond, and Nissoux 2000), can be easily combined with algorithm for path planning with many degrees of free-
the sample sequences described this paper (this has alreadgom. Proceedings of the IEEE International Conference
been successfully done; Thierry Siméon, private communi- on Robotics and Automation (ICRA), Cincinnati, OH,
cation). It would be interesting to determine whether lattice pp. 1712-1717.
structure could be similarly exploited. Barraquand, J., Kavraki, L., Latombe, J.-C., Li, T.-Y., Mot-
wani, R., and Raghavan, P. 1995. A random sampling
scheme for robot path planningroceedings of the 7th
International Symposium on Robotics Research, Munich,
A recent trend in quasi-Monte Carlo literature is to consider Germany, pp. 249—-264.
randomized versions of Halton sequences, lattices, and (t,Bphlin, R. 2001. Path planning in practice; lazy evaluation on
sequences. There exist simple techniques that preserve thea multiresolution gridProceedings of the IEEE/RSJ In-
low-discrepancy/low-dispersion properties of deterministic ternational Conference on Intelligent Robots and Systems
sequences while at the same time each sample is uniform(IROS), Maui, Hawaii, October.
randomly distributed.An elegant example of this work ap- Bohlin, R., and Kavraki, L. 2000. Path planning using lazy
pears in Wang and Hickernell (2000), in which a randomized PRM. Proceedings of the IEEE International Conference
Halton sequence is obtained by cleverly constructing the first on Robotics and Automation (ICRA), San Francisco, CA,
element at random, and computing the appropriate continua-April 24—28.
tions of classical van der Corput sequences for each coor@iehlin, R., and Kavraki, L. 2001. A randomized algorithm for
nate. Some randomization was added to Halton points and wasrobot path planning based on lazy evalautidandbook on
observed to offer some improvements in Geraerts and Over- Randomized Computation, S. Rajasekaran, P. Pardalos, J.
mars (2002). Randomized low-dispersion sequences can beReif, and J. Rolim, editors. Kluwer Academic, Dordrecht.
used in motion planning to obtain both probabilistic analysiBoor, V., Overmars, N. H., and van der Stappen, A.F. 1999.
and the deterministic guarantees from Section 5. The Gaussian sampling strategy for probabilistic roadmap
planners Proceedings of the IEEE International Confer-
ence on Robotics and Automation (ICRA), Detroit, Ml,
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