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Abstract—This paper studies the characteristics of excitable techniques and another method of speeding simulations in

cell mathematical models, with the goal of developing new multi-cell networks by tracking a list of “active” cells.
insights and techniques in simulating the electrical behavior of

the human heart. While very simple models of such behavior Il. BACKGROUND
can be simulated at real-time or better speeds on powerful A EitzHuah-N Model

computing equipment, the use of realistic cell models or organ- "™ ltizrugh-Nagumo Mode
magnitude cell networks make the simulations computationally Pioneered in the mid-1950s by FitzHugh [2] and based upon

infeasible. We present an examination of the FitzHugh-Nagumo research of the giant squid axon by Hodgkin and Huxley,
model and its response to stimulus and, in order to move toward the FitzHugh-Nagumo model is one of the simpler excitabie

the goal of a full cardiac simulation, we present a method of I | ilabl . . f the f iabl
optimizing single-cell calculations through local interpolation Cell models available. It is a reduction of the four-variable

techniques. Additionally, we introduce a separate method of Hodgkin-Huxley model, based upon the similarity in speed of
optimizing multi-cell simulations by tracking cellular activations.  the dynamics of the individual variables. Though primarily

considered to be qualitative in nature, it is representative
of the excitable phenomena of cardiac cells and has been
used as a base model for testing of novel computational
methods [3]. The FitzHugh-Nagumo model equations relate
the cell membrane electrical potentidl), and the gating

A computationally feasible whole-heart model could beariable (also called the cell’'s refractory potentidr):
invaluable in the study of human heart pathology and the

Keywords—cardiac  bioelectricity = modeling, FitzHugh-
Nagumo, simulation, optimization.

I. INTRODUCTION AND OVERVIEW

development of drugs for the treatment of various disorders. ov _ E(V _ V73 —w) Q)
The potential value of such a complete and realistic cardiac ot 3 ’

model is undeniable. Such a model could dramatically expand ow

our presently limited understanding of cardiovascular disease ot (V=W +p). @)

and abnormality while providing a convenient, noninvasive, The parameters are traditionally interpreted to have positive

and inexpensive method of proposing and testing revolutiof;es, Unless otherwise noted, we applied the following
ary drug therapies and other treatment interventions. PresSHFameter values? = 0.7, ¢ = 0.2, and~ = 0.8.

progress (detailing approaches from the electrical, mechanical,
and fluidic standpoints) toward this goal is summarized in [1B. Wave Propagation

Development of techniques for large-scale modeling of The important feature of cardiac cellular interaction is the
systems is a common theme across many fields of reseasebpagation of potential waves through interconnected cells
today. Cardiac modeling presents complications not found i a complex network. Single cells are surrounded with an
many modeling tasks, since excitable cell models are nonlingagulating membrane (supporting a potentill) containing
in nature, and many ordinary and valuable analysis techniqugsectively permeable ionic channels. The currents through
for differential equations do not apply to nonlinear systemghese channels interact with the membrane potential to regulate
The simplest cardiac cell models have two variables whitae activity of the cell. Among other factors, the flow of
realistic models can have dozens, and the total number\efious ions (sodium, potassium, calcium, etc.) throughout the
cells in the human heart is on the order1of' (in the tens cardiac tissue is responsible for the propagation of electrical
of billions). Therefore, extraneous details must be abstractggves through heart tissue. This, in turn, provides the driving
away so that only relevant information is actively simulatedforce behind the heart's mechanical contraction and its ability

This paper explores the structure of the FitzHugh-Nagumeo pump blood through the body. To model the diffusion that
excitable cell model in order to characterize which detailslows wave propagation to occur in the system, we must alter
can be discarded through abstraction and which are import&@uation (1) to include the appropriate term:
to the model’s overall dynamics. Based upon the concept of )

i ion i i ov 9%V 1 V3

electrical wave propagation in the human heart, we examine EASNE R AN e, Y ©)
the model and generalize its response to stimuli. Using obser- ot 0x? € 3
vations from this analysis, we pose a method of optimizing Thus, a sufficient difference in potential between adjacent
calculations in the single-cell model with local interpolatiortells can produce an action potential that flows across a



system. In multiple spatial dimensions, #h€//0x? diffusion
term become&/-(D-VV), in which D is the diffusion tensor.

C. Other Models % s

o

Past research has developed numerous excitable cell modeI:
of varying levels of complexity and with differing specializa- g
tion. For example, C. Luo and Y. Rudy [4] pioneered a realistic &
model of ion channel behavior that is composed of over sixty
equations. This model is frequently applied in computational .
simulations that investigate the characteristics of real cardiac -25 -2 -15 -1 Mo ane Rotentioi )
cells [5], [6]. The Hodgkin-Huxley model [7] was developed to
simulate the activity of a nerve axon (specifically, of the giant Fig. 1. Phase Plane with Nullclines and Sample Solution Trajectory
squid), but it shares the essential characteristic of excitability
with cardiac tissue. Other models developed between the
Hodgkin-Huxley (1952) and the Luo-Rudy (1994) model made |
important contributions to the accuracy of cardiac modeling. ¢
For a detailed overview of the evolution of such cardiac cell §
models, refer to [8].
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IIl. SINGLE-CELL MODEL ANALYSIS
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In the process of developing a heart simulation, the prelimi- ° Freauency of Input Wave
nary step involves understanding the evolution of the electrical
potentials. Therefore, we pay particular attention to the uniqueF9- 2. Fourier Plots (Sinusoidal Inputsimplitude = 0.5,1.0,1.5)
characteristics of the cell model.

A. Phase Plane Analysis

Perhaps the most convenient consequence of the tvw@ralogous to forcing in a linear ordinary differential equation.
variable nature of the FitzHugh-Nagumo model is that it cagince the favorable notion of linearity is not valid in the
be graphically represented in the phakelt’) plane. Plotting excitable cell model, the response is not clearly related to
solutions of the system in the phase plane reveals a wellther the frequency or the amplitude of the input. Still,
defined cycle that is robustly attractive across a wide rang@ can make a number of useful observations based upon
of initial conditions. The normal course of this cycle, ashese Fourier plots. We give three such plots that relate input

shown in Fig. 1, represents a single excitation of the modelg@quency to output frequency components in Fig. 2.

cell, and has four distinct states [2]: regenerative, active,_l_h t striki trast betw the Eourier olots is in th
absolutely refractory, and relatively refractory. An external € most striking contrast between the Fourler plots 1S In the

electrical stimulus of sufficient magnitude will initiate anapparent linearity in frequency of tte5 amplitude plot. This

excitation cycle, in which the cell progresses through thegseillustrative of an important feature of the system: resistance

four states. In the regenerative phase, the cell beginsabuiliﬁ small inputs. For any signal of small input amplitude

of potential across its membrane. If the initiating stimulus ™" O.'5 or "?SS)’ there is no prevailing excitation tnggeredl,
is of insufficient magnitude, the cell will simply relax baclJeSUltmg in little response. Instead, the system responds with

to its equilibrium, rather than experiencing a full excitatioft potential signal of equal _freql_Jency and small amplitude. As a
cycle. The active phase represents the period in which fhnsequence, small d|ﬁu5|ye S|g_nals may k?e safely passed over
cell's membrane potential is temporarily suspended near® they are incapable of triggering excitations in the system.
peak value. Entering the absolutely refractory phase, the cell'sTurning our attention to the other plots, we note that for
membrane potential drops rapidly toward its equilibrium value. given amplitude, there is a cutoff input frequency past
At this point, as shown by the direction field, the gatingvhich the system displays a qualitatively different response.
variable is at a maximum, and the cell is quite resistalifhen driven past this frequency, the system undergoes a
to further excitation by any external stimulus. In the finadingle excitation cycle in normal fashion. However, following
phase, relatively refractory, it is again possible to stimulathis, the input holds the gating variable at a near-constant
the cell into a renewed excitation cycle, though it will displayalue above equilibrium, preventing any further excitations.

some resistance to such stimulation until it again reaches thesecond, higher cutoff frequency also exists, above which

equilibrium point. the single excitation cycle is also inhibited, resulting in an
o ) ) essentially null response. In the lower frequency regions of
B. Diffusion Fourier Analysis the second and third plot (whetémplitude = 1.0,1.5), the

Using Fourier analysis, we can interpret the system'’s freystem exhibits a periodic excitation caused by the sinusoidal
guency response to various diffusive inputs, in a mannieput.
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IV. OPTIMIZING SINGLE-CELL CALCULATIONS ) ]
use of clever data structures. Both algorithms are defined for

In the autonomous single cell FitzHugh-Nagumo modend extendable to higher-dimensional problems, an essential
variable values at particular times determine the state of th&ture for integration into a whole-heart simulation, in which
system at all future times. Therefore, we can consider thige problem’s dimensionality could easily increase tenfold
relationship as a nonlinear mapping between present valy@gh the addition of a realistic model and spatial dimensions.
and future values, given a timestep. This input/output mapping
relatlon_ship can be captured grgphically (as in Fig. 3) _in order V. OPTIMIZING MULTI-CELL SIMULATIONS
to provide a different perspective on the system’s time be-
havior. In particular, these surfaces illustrate the nonlinearitiesSince the FitzHugh-Nagumo system has a stable, attractive
of this cell model. Regions of sharp change (notably, on tleguilibrium point, many cells in a simulation will be implicitly
diagonal of the input plane) signify value pairs that can evolveactive, and hence it is wasteful to calculate their unchanging
distinctly differently if subjected to small perturbations. Irmembrane potentials and small propagation currents. It is
contrast, there are also regions that display nearly constanpossible to use a list data structure to track the activation
nearly linear output, in which one variable strongly determined individual cells in order to avoid these calculations. As
a future output value, and the value of the other variable is ordyconsequence of the mechanism of wave propagation, only
weakly significant. Additionally, the smooth and primarilydirect neighbors of activated cells can be activated in the
continuous shapes of the surfaces suggest that the model cduldre. Therefore, two lists that track currently excited cells
be fitted by an interpolated function of the variables. and the neighbors of these cells will completely describe the

We can take advantage of this mapping relationship swbset of a cell network that may be active in the successive
perform high-accuracy calculations of the system’s behavitimestep. All other cells are assumed to be in equilibrium, so
off-line. During a simulation, these pre-created samples can @ calculations are performed to update their state. Provided
interpolated by algorithms such as the nearest neighbor metitioat the computational overhead of list tracking is negligible,
and locally weighted regression [9]. The nearest neighbdtis measure can only result in lower computation times. The
method is a straightforward algorithm that predicts an outpatgorithm for tracking cell activity is as follows:
by proposing that it is equal to the output of the single nearest
sample. Locally weighted regression, by contrast, estimai&sivity _Track(ActiveList)
the output by a weighted average of the outputs of several FOR EdA?H_cellli € Activelll_is.t
nearby samp_les. The_ sample weights are calculated ba_sed on EAOORE é}{gﬁite%] EC;ZZ’.Neighbors
an exponential metric where nearby samples are weighted IF cell; ¢ NeighborList &  cell; ¢ ActiveList
highest. Hence, both methods can be used to reconstruct 3 e EACHN%gthf'AiStF-a(Ii_dt cell( celly);

. . cell; € Activelis
mapping from stored sample v_alues_. A sampl_e rgconstructlon FOR EACHcell; € cell, Neighbors
of the V' output surface from Fig. 3 is shown in Fig. 4. Model.calculate  _diffusion(  cell;, cellj);

Overall, these algorithms can recreate unknown output data FOR EACHcell; € NeighborList

Il. However, locally weighted regression suffers specificall FOR EAGHccll; & celli Neighbors
well. ) y g egre ' pec y IF cell; € ActiveList
from large errors near discontinuities. This fallacy is cor- Model.calculate  _diffusion(  cell;, cellj);
rectable by concentrating samples within problem areas. A FOR EACHcell; € Activelist

. . . . L o IF  cell;.equilibrium _state() = TRUE
primary issue with the nearest neighbor method is its inability ActiveListremove  _cell( cell,);
to generate smooth surfaces, which results in discontinuous FOR EACHcell; € NeighborList
changes in error around the input space. This hinders its  IF celli.equilibrium — state() = FALSE

ignificantly for small sample sizes. Both algorithms petivelistadd  —cell(  cells):
accura(_:y signi Yy ’ p e g NeighborList.remove _cell(  cell;);
have disadvantages, but are highly optimizable through the




using the full-blown approach. Further accounting for the

- p- o added complexity of a realistic cell model quickly makes the

: ~— simulation a dauntingly unrealistic task. To make these high-

‘ ‘ v level simulations feasible for use in heart pathology and drug
research, it would be necessary to improve the computational

cost by several orders of magnitude. Clearly, our optimization

Fig. 5. Benchmark Wave Types technique is only a precursory step toward such a goal.
In this paper, we outlined some of the basic characteris-
TABLE | tics of the FitzHugh-Nagumo excitable cell model and ex-
Activity List Optimization Speedups tended the analysis to the periodicity conditions and prop-
- _ _ Linear | Grid(1) | Grid(2) | Spiral erties of the system. By examining the time evolution of
:Ctisi'&wl_"ists'&‘gt'ﬁgg” 2o%s | LB s 11875 875 variables, we introduced the idea of using nearest neighbor
Change 892% | 53.9% | 43.8% | -8.3% and locally weighted regression methods to capture the in-

put/output relationship of the model. Additionally, we showed
that an activity-list-based optimization technique demonstrates

o ] . marked benefits in speeding calculations for simulations that
In order to test the viability of this algorithm, we createghyolve some degree of inactivity (i.e. cells at equilibrium).

four benchmarking simulation situations (shown in Fig. 5) thathe extendibility of this technique to realistic, quantitative
are representative of the types of waves that can be produgggels has yet to be verified, but we expect that it will
in a 2D simulation. They are: (1) 120 time units of & 200naye greater benefits as the overhead of list tracking becomes
by-1 cell line, stimulated by the first cell; (2) 30 time unit§psjgnificant compared to the problem magnitude. Further-
of a lOQ-by—lQO cell network, stimulated by the penter Ce'r'hore, we hope to find novel ways to apply locally weighted
(3) 30 time units of a 100-by-100 cell network, stimulated gkgression to a simplification of the multi-cell simulation
two cells on the diagonal; and (4) 60 time units of a 60-byspyironment. Considering the computational complexity of
60 cell network, stimulated to produce a spiral wave pa'””%zblems in this field and the present level of development,

The averaged results of three trials for each situation (on a Zfbre is wide latitude for innovation toward full-scale simula-

GHz P4 running Matlab 6.5.1 and a fourth order Runge-Kutfgys.

solver) are presented in Table I.
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