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Abstract

We present, implement, and analyze a spectrum of
closely-related planners, designe to gain insight into
the relationship between classi@l grid search and
prokabilistic roadmaps (PRMs).  Building on the
quasi-random sampling literature, we have develogd
deterministic variants of the PRM that use Hammer-
sley/Halton sequenes and low-discrepancy lattices.
Classial grid search is extendel using subsampling
for collision detection and alsothe optimal-dispersion
Sukhaev grid, which can be considerd as a kind
of lattice-tasal roadmap to complete the spectrum.
Both multiple-query and lazy, single-query versions
are considered for each planner.

Our experimental results, spanning two to ten di-
mensions, showthat the deterministic variants of the
PRM o®er performance advantagesin comparison to
the original PRM. This even includes serching us-
ing the Sukhaev grid with subsampling. Our theoret-
ical analysis showsthat all of our deterministic algo-
rithms are resolution complete and achieve the best
possibleasymptotic convergene rate, which is shown
superior to that obtained by random sampling.

1 Intro duction

The main motivation of this paper is to provide in-
sight into fundamental questionsthat arisein the de-
velopmen of sampling-basedmotion planning algo-
rithms. What factors lead to good computational
performance in practice? Is randomization really
important to breaking the curse of dimensionality?
While the number of samplesrequired for a grid is
known to increaseexponertially in dimension, is it
true that the probabilistic roadmap (PRM), which
was\primarily dewveloped for robots with many dofs"
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[22], overcomesthis ditcult y through random sam-
pling? By building on existing sampling literature,
deweloping theoretical analysis, and performing ex-
perimental studies, we conclude that the original
PRM doesnot o®erclear advantagesover someforms
of grid-based seard. Furthermore, we even provide
theoretical and experimertal evidencethat suggests
the superiority of grids and other deterministic sam-
pling schemes. One theoretical result, which is ex-
pressedin terms of a measurefrom sampling liter-
ature (dispersion), implies that neither the PRM,
grids, nor other sampling schemescan avoid the need
for an exponertial number of samplesin dimension.

The paper builds on our previouswork [9], in which
the value of randomization was questioned in the
PRM cortext. One outcome was that the random
samplerin the PRM-based planners of the industry-
motivated Move3D project was replaced with a de-
terministic sampler (Halton sequencepecauseof im-
proved obsened performance [40]. In other work,
an interesting deterministic alternative to PRMs
was later proposedin [5]. Deterministic (or quasi-
random) sampling ideas have improved computa-
tional methods in many areas, including integration
[41], optimization [33], image processing[16], and
computer graphics [38]. The seriesof trends in mo-
tion planning is similar to that in intregration and
optimization literature: grid basedmethods appeared
“rst, followed by Monte Carlo approaces,and nally
areturn to deterministic techniques. The third trend
is motivated by the fact that any machine implemen-
tation generatesa deterministic sequenceof pseudo-
random numbers. These numbers are designedto
meet performancecriteria that are basedon uniform
probability densities; however, onceit is understood
that thesenumbers are deterministic and being used
to solve a particular task, why not designa determin-
istic sequencehat can solve the task more exciently,
instead of worrying about statistical closenessto a
uniform probability density? One could argue that
it is dizcult or impossible for an opponert to ob-
tain the seedin a pseudo-randomnumber generator;
one could even attempt to construct a natural seed



for number generationas consideredin cryptography
[36]. Howewer, even if we suppose that truly ran-
dom numbers exist, it seemsunlikely that practical
examplesdrawn from applications will contain con-
“guration spacesthat are designedto break a spe-
ci ¢ deterministic sampling strategy. Furthermore,
randomization can even be introduced badk into a
deterministic sampling strategy for preciselythe rea-
son of fooling an adversary while still maintaining
guasi-randomsampledistribution propertiesthat are
superior to pseudo-randomsampling [29].

Given the tremendous variety of possible path
planning examples,and the fact that algorithm per-
formance often depends greatly on parameter set-
tings, it is a daunting task to compare path plan-
ners. Our approac to this problem is to de ne a
spectrum of planners that has classical grid seard
and the original PRM at its ends. Neighboring plan-
nersin this spectrum vary only slightly, which helps
us understand and asses$iow one small variation af-
fects eadh algorithm. By chaining these variations
together and drawing conclusionsalong the way, we
provide a clearer understanding of how the planners
at opposite endsare related.

There areimportant quali cations to the assertions
madein this paper:

2 We beliewe that importance sampling is impor-
tant. Many recert probabilistic roadmap meth-
ods[1, 2, 8,18, 27, 35, 39, 46] have demonstrated
improved performanceby concerrating samples
in a nonuniform way, such as along C-space
boundaries[2, 8], or the medial axis [18, 35, 46].
Our work canbeviewedascomplemenary to im-
portance sampling. In many of theseapproades
it may be possibleto obtain performance im-
provemert by replacing random sampling with
deterministic schemes; however, given the vari-
ety of methods and heuristics often involved, this
task is beyond the scope of the presen paper.

2 We are not recommendingany of the planners
preseried here as the fastest available. Our in-
tent is to gain insight into planning issues,as
opposedto delivering the best planner.

2 We beliewe that randomization is usefulin many
corntexts. Its value, however, dependsgreatly on
the paradigm within which it is used.

2 Grids and PRMs

This sectionintro ducesa fewin°uential plannersthat
will be discussedin detail in this paper, rather than

providing a comprehensie survey of techniques.

The path planning problem Let C denote the
con guration space (or C-space) [28] of a d-DOF
robot in a 2D or 3D world that contains static ob-
stacles. For convenience,assumethat the con gura-
tion spaceis parameterizedsothat C= [0;1]¢ %2 RY,
and some boundary points are identied to respect
topology. Let G ;¢ denotethe set of all collision-free
con gurations. A path planning query is a pair of
con gurations, Gnit , Qgoal - The path planning prob-
lem is to 'nd a cortinuous path, ¢ : [0;1] ! G ree
sud that ¢(0) = G and ¢(1) = Qgoar - It is assumed
to be computationally prohibitiv eto construct an ex-
plicit represenation of G ;¢e; however, a collision de-
tection algorithm is available, which can quickly indi-
cate whether a given con guration liesin G ;e (ad-
ditional information, sud asworld distance could be
provided).

Classical grid-based search Grid-basedseard is
consideredby many to be the most straightforward
form of path planning. See,for example,the surveys
in [21, 24]. Each componert of Cis quartized, and a
d-dimensional bitmap represenation can be precom-
puted by iterating a collision detector over all quan-
tized con guration values. A neighborhood structure
must be de ned, sud as the set of 2d neighbors for
ead interior elemen of the bitmap (\up", \down",
\left", \right" in the caseof d = 2). A given query
is quartized, and the bitmap can then be searded
using a classical Al or graph seard algorithm, suc
as dynamic programming, A, best-rst, or bidirec-
tional seard, to connect gyt tO Ogoar. In fact, the
bitmap could alsobe searthed using recert path plan-
ning methods that are basedon incremental seard,
suc asrandomizedpotential “elds [4], Ariadne's clew
[31, 30], RRTs [26, 25|, and the plannerin [20, 37)]. It
is well-known that only resolution completenesscan
be obtained, and that for a xed resolution, the num-
ber of samples(bitmap size) increasesexponertially
in d.

The original PRM  The Probabilistic Roadmap
(PRM) was introduced in [22] as a way to over-
comethe well-known curse of dimensionality that ex-
ists in grid searth. The primary philosophy behind
the PRM was to perform substartial preprocessing
so that multiple queries for the same ervironment
could be handled exciently. This is analogousto the
bitmap precomputation in classicalgrid basedseard.
First, a roadmapencaled as an undirected graph, G,
is constructed in a preprocessing phase In a query



BUILD PRM
1 G.init();
2 fori=1to N
q A RAND _FREE _CONF(q);
G.add_vertex(q);
for each v 2 NBHD(q,G)
if ((not G.samecomponert(q;v)) and
CONNECT( q;Vv)) then
G.add_edgeg; v);

O~NO Ol AW

Figure 1: The preprocessingphase: build a PRM.

phase G is usedto solve a particular path planning
guestionfor a given gnit  and Ogoa . Each vertexin G
represens an elemen of G e, and ead edgerepre-
serts a collision-freepath betweentwo con gurations.

The algorithm outlined in Figure 1 constructs a
PRM with N vertices. In Step 3, a pseudo-random
con guration in G e is found by repeatedly pick-
ing a pseudo-randomcon guration until one is de-
termined by a collision detection algorithm to be in
G ree- The NBHD function in Line 5 is a range
qguery in which all vertices within a speci ed dis-
tance of q are returned, sorted by distance from q
(other variations are possible, of course). This is
the step in which the range spaceconceptsfrom Sec-
tion 3 becomerelevant to planning: over a certain
range space, it is important to have the points dis-
tributed sothat NBHD contains a sutcient number
of points. In Step 6, it is sometimes preferable to
replacethe condition (not G.samecomponenrt(q;V))
with G.vertex_degreef) < K, for some xed K (e.g.,
K = 15); this was done in our experiments. The
CONNECT function in Line 7 usesa fast local plan-
ner to attempt a connection betweenq and v. Usu-
ally, a \straight line" path in G ¢ is evaluated be-
tweenq and v by stepping along incrementally with
a collision detection algorithm. A heuristic, node-
enhancemenh phaseis also described in [22], but is
not consideredhere.

Once the PRM has been constructed, the query
phase attempts to solve planning problems. Essen-
tially, gnit and ggoa are treated as new nodesin the
PRM, and connections are attempted. Then, stan-
dard graph seard is performed to connect gni; to
Ogoal - If the method fails, then either more vertices
are neededin the PRM, or there is no solution. This
is analogousto the problem of insuzcient resolution
in classicalgrid seard.

The Lazy PRM A recert PRM variant called the
Lazy PRM hasbeenproposedfor the problem of an-

swering single planning queriesezciently, as opposed
to building an extensive roadmap prior to considera-
tion of a planning query [6]. The resulting planner is
sometimesvery e+cient in comparisonto the original
PRM. This represerts a shift from the multiple query
philosophy of the original PRM [22], and returns to
the single query philosophy which was usedin some
earlier planners [4, 13, 31].

The key idea in the Lazy PRM is to build the
roadmap initially without the use of a collision de-
tector. The di®erencewith respect to the algorithm
in Figure 1 is that the condition in Lines 6 and 7
is dropped, and Line 8 is executedevery time. This
allows the PRM to be constructed quickly; however,
more burden is placed on the searting in the query
phase. Once an initial-goal query is given, the plan-
ner performs A® seart on the roadmapto nd asolu-
tion. If any of the solution edgesarein collision, they
are removed from the roadmap, and the A® seard
is repeated. Eventually, all edgesmay have to be
cheded for collision, but often the problem is solved
well before this happens. Alternativ ely, it might be
preferable to run the seard only onceon the initial
graph, while validating edgesduring the seard (in-
stead of waiting for a solution and then validating
it) [9]. If no solution is found, then more nodes may
needto be addedto the roadmap. The advantage of
the Lazy PRM is that the collision cheding is only
performed as needed. Thus, all edgesdo not have
to be collision cheded as in the caseof the original
PRM. In classicalgrid seard, this philosophy would
simply imply that the bitmap is not precomputed;
collision cheding is performed only as neededduring
the seard.

One interesting Lazy-PRM issue,which leads nat-
urally to the next section is: what is the best way
to cover C with N samples,given that obstaclesare
ignored?

3 Sampling Literature

A “rst step toward constructing a spectrum of plan-
ners from PRMs to classicalgrid seard is to char-
acterize a spectrum of sampling techniquesto cover
C, from pseudo-random sampling to grids. Deter-
ministic sampling techniqueshave beendeveloped by
numerous mathematicians over the past certury. Ex-
cellert overviews of the subject include [29, 33]; for
a presenation in the context of algorithms, see[10].
A brief treatment, speci ¢ to path planning, is pre-
serted here.



3.1 Sampling Criteria

Let X = [0;1]° 4 RY de ne a spaceover which to
generate samples! Consider designing a set, P, of

way that covers X uniformly in somesense.If d =
1, the points may be evenly spacedin an obvious,
uniform way, but for d > 1 the problem becomesvery
challenging. There are both the challengesof de ning
a useful criterion of uniformity and then designinga
sampleset that attempts to optimize the criterion.

A good criterion should measurewhether the dis-
tribution of samplepoints seemgeasonablen various
regions of X. For motivation, recall that the PRM
repeatedly tries to connectto samplesin a randomly-
certered ball in X . It would be usefulif the criterion
measureshow many sampleswill fall into theseneigh-
borhoods. With this in mind, de ne a range space,
R, asa collection of subsetsof X . Let R 2 R denote
one such subset. Reasonablechoicesfor R include
the set of all axis-aligned rectangular boxes, the set
of all balls, or the set of all convex subsets.

Discrepancy Let ' (R) denote the Lebesguemea-
sure (or volume) of subsetR. If the samplesin P are
uniform in someideal sense,then it seemsreason-
able that the fraction of thesesamplesthat lie in any
subsetR should be roughly * (R) (divided by 1 (X),
which is simply one). We de ne the discrepancy [45]
to measurehow far from ideal the point set P is:

D(PiR) = sup I~ R 1 (R)
rR2R N

1)

in which j ¢j applied to a nite set denotesits cardi-
nality.

For a given range space,the goal is to selectP to
minimize (1). If N is "xed, then the set of samples
is consideredclosal. An in nite sequenceof samples
is consideredopen, and it can be evaluated by apply-
ing (1) asymptotically asa function of N. By "xing
N, lower discrepancycan generally be obtained. For
example, if N = 1, P might contain one point at
the certer of X. Imagine that this is the rst point
in an open sequence. For N = 2 or N = 4, hav-
ing the one point at the certer is probably not op-
timal. Thus, with closedsample setsthe points can
be arranged in any way, but for open setsthey are
bound to the sequence.Even though closedsample
setscan obtain lower discrepancy anin nite sequence
is sometimesvery corveniert becauset providessam-

1This is without loss of generality becausescalings, trans-
lations, and embeddings are easily accomplished.

ples incremenrtally (which makesit easierto replace
a pseudo-randomsequence).

Disp ersion Whereasdiscrepancyis basedon mea-
sure, a metric-based criterion, called dispersion, can
be introduced:

@)

+P; %A = sup min %x; p):
x2X P2P

Above Y2denotesany metric, such as Euclidean dis-
tance or *1 . We refer to sudh variants as Euclidean
dispersion and ! dispersion. Note that if %is a
Euclidean metric, the dispersion yields the radius of
the largest empty ball.? If R represeits the set of
all balls, then D is at least as large as this volume
becausejP \ Rj = 0. It is known that #(P;% -
D(P;R)7, if %is the "1 metric and R is the set
of all axis-aligned rectangular subsets[33, 43]. (See
those referencesand [29 for further results.) Thus,
low discrepancy implies low dispersion. Dispersion
is useful in the analysis of the PRM becauseit indi-
cates whether samplescan be connectedfor a given
connectionradius parameter.

The Sukharev sampling criterion For a "xed
N, it is interesting to considerthe best possibledis-
persionthat can be obtained for any sampleset. We
refer to the following asthe Sukhaev sampling crite-
rion [42):

1

+ - .
HP), o ®3)
which holds true for any point set P, when * is the
1 dispersion. Suppose we would like to place N
points in [0;1]¢ sothat the *! dispersionis as small
as possible. Assume for corveniencethat N ¢ is an
integer. Solving (3) for a prescribed dispersionyields,
N . (1=2#)9 which meansthat the number of sam-
ples is exponertial in dimension, regardlessof how
the points are placed! It was also shown in [42] that
for any d and N, there exists a set, P, of N points
such that (3) is an equality. This is achieved by ar-
ranging the points in a grid in which the discretiza-
tion interval is roughly (due to the °oor) Ni ¢ and
the “rst point is shifted %Ni ¢ from the origin. This
set represers the lowest possible*! dispersion; for
Euclidean dispersion, it remains an open problem to
"nd optimal point setsfor generald and N .

2Actually , for any metric, it givesthe radius of the largest
empty ball in that metric restricted to the domain X .



3.2 Halton, Hammersley , and Others N/ .' 2\ L/
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Numerous low-discrepancy sample sets have been : ’I
u us low-di pancy p \Y o z‘“

proposed. The choice of one set over others usually

depends on seweral concerns: 1) the desired range
space,R, 2) theoretical boundson the discrepancy 3)

the quality of the samplesasobsenedin applications,

4) the dizcult y of constructing the samples. The

most commonrangespaceis the setof all axis-aligned
rectangular subsets,which we denote by R, . The

secondand third concernsare both included because
current theoretical analysis is unable to completely
characterize the practical value of a low-discrepancy
sample set. For a well-studied sequenceof samples,
asymptotic bounds are usually given on the discrep-
ancy, often expressedwith an unspeci ed constart.

When the constart is known, it is usually large, which

producesa pessimisticbound. The fourth concernbe-
comesimportant if the computational complexity or

implemenrtation ditcult y outweigh the utilit y of the

samples.

In an appendix of [29], the current upper and lower
bounds on the best possiblediscrepancyfor an open
sequence,attainable for di®erert range spaces,are
summarized. For example, the best known lower
bound on D using R a5 is

A H M.t
o 1 Iongl N loglogN 2di 2
N logloglogN

howewer, if R represerts the set of all balls, then the
lower bound is O(N i (d+1) =2,

The best known upper bound for open sequences
and Raar O(w), is achieved by the Halton se-
guene, which is constructed as follows [14]. Choose
d distinct primes py;p2;:::;pq (usually the rst d
primes, p1 = 2, p2 = 3, ...). To construct the ith
sample, considerthe digits of the basep represena-
tion for i in the reverseorder: i = ap + pa; + pa, +
p3as + :::, in which a 2 f0;1;:::;pg. Dene the
following elemen of [0; 1]:

. ap az ap as
rg(i)= —+ 5+ =+ — + ¢¢¢:
b= 2

The ith samplein the Halton sequenceas

(rpy (1)5rp (1) 2005y (1)) i= 012

Sincethe Halton sequencds in nite (it doesnot re- IAVAARIAY _ AV

quire N a priori), it can almost always be usedas a (c) 500 Hammersley points

direct replacemen for a pseudo-randomsample gen-

erator. Figure 2: Shown are 500 pseudo-random,Halton, and

A Hammersley sequene is a closed-sequenceari- - Hammersley points, respectively, plus their assai-
ant (N must be speci ed) of the Halton sequence ated Voronoi regions. Notice the regularity in the
Voronoi diagram for the quasi-random sample sets.
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that achieves even lower asymptotic discrepancy
di 1 . . .

O("JQTN) [15]. Using only dj 1 distinct primes,

the ith samplein the Hammersley sequencds

M l

i=0L: N L

For the caseof d = 2, the Hammersleysequencas of-
ten referred to asthe Van der Corput sequencd44],
which was introduced much earlier. Figure 2 com-
paressamplesetsin X = [0;1]£ [0; 1] and also shows
the Voronoi diagram of the point set (i.e., in ead re-
gion the represenative sample is the closestamong
all samples). Notice that for pseudo-randompoints
there is a large variation in region size and shape,
which illustrates the nonuniformity of random sam-
ples. For Halton points, the Voronoi regions appear
more regular; the Hammersley points are even bet-
ter becausethey constitute a closedsampleset. The
computed Euclidean dispersionsfor the three casesn
order are: 0.0788,0.0539,and 0.0413% As expected,
the dispersion is much better for Halton and Ham-
mersley sets.

In [9], we usedHalton and Hammersley points be-
causeof their well-known performancein practice and
their easy construction. There exist, howewver, sam-
ple setswith even better performance. Currently, the
family of sample sets with the best known bounds
(smallest constarts in the asymptotic analysis) draw
from powerful algebraic geometry techniques [34].
See[29, 33, 43 for many others.

3.3 Quasi-Random Lattices

Giventhe regularity obsened for Hammersleypoints
in Figure 2, it is natural to ask whether low-
discrepancy closed sample sets exist that have grid-
like properties, suc as equal spacing betweenpoints
and o®setsto reach neighbors that are identical for
any sample. This would be useful in the PRM con-
text becauseit could avoid expensive neighborhood
searhing. Sucd sets do exist and are called quasi-
random lattices. Recer analysisshavsthat somelat-
tice setsachieve asymptotic discrepancy O("’gd%),
for Raar, Which is equivalent to that of the best
known non-lattice sample sets [29]. Thus, restrict-
ing the points to lie on a lattice seemsto entail little
or no lossin performance[17], but with the added
benet of grid-like structure that is useful for path
planning. Furthermore, as shown by Sukharev [42],

3We actually computed a variant of dispersion by comput-
ing the largest empty circle whose center lies in the convex hull
of the points. The di®erenceis negligible for the large number
of samples.

Figure 3: 200 low-discrepancy lattice pgi_nts gener-
ated by using the golden ratio, ® = —S-. The
Voronoi regions are also shown.

the bestpossible™! dispersionis obtained by placing
the points in a grid con guration.

As an example, consider Figure 3, which shows
200 lattice points generated by the following tech-
nigue. Let ® be a positive irrational number. For
a xed N (lattices are closedsample sets), generate
the ith point according to (,L—;fi®g), in which fc¢g
denotesthe fractional part of the real value (modulo-
one arithmetic). This procedure can be generalized
to d dimensionshby picking dj 1 distinct irrational
numbers. A technique for choosing the ® parame-
ters by using the roots of irreducible polynomials is
discussedin [29]. The ith samplein the lattice is

[T f

Many other possibilities exist for producing low-
discrepancy lattices. One, which was applied in [9],
is basedon selectingd integers, z;, :::, z4, and con-
structing the ith sample as follows [41]:

Yo Y Y
K 2i21 ! 2iz

RN : i= 01N L
A variety of techniques for selecting good zy values
are preserted in [41].

It is well-known that the points in a lattice form
an Abelian group with respect to addition, and that
all points can be speci ed in terms of a collection of

the reals. For any lattice point, p, there exists a set
of d integers,iy, :::, ig, sud that



Figure 4. A Sukharev grid for d = 2 and N =
The Voronoi regionsare also shawn.

49.

assuming modulo-one arithmetic. Note that if the
basis vectors are chosenas the rows of a d £ d iden-
tit y matrix, then a classicalgrid is obtained (which is
known to have high discrepancy but low dispersion).

By using generators,the grid-lik e neighbors can be
obtained immediately by adding (or subtracting) one
or more of the generatorsto the sample. For exam-
ple, in the caseof a 2D grid, the generatorsare [1; 0],
[0; 1], which can be usedto obtain the coordinates of
standard four-neighbors, or eight-neighbors by allow-
ing diagonals. This idea generalizegto any lattice for
quick determination of neighboring samples, which
is of critical importance in path planning algorithms
such as the PRM. Note that the number of neigh-
bors per sampleis not exponertial, asin the caseof
classicalhierarchical decomposition methods (see[24]
for an overview). If a single generator is used, then
there are only 2d neighbors (fewer at boundaries).
A neig“rbOﬂhood collection obtained by k generators

yields neighbors. If we use all neighbors that

k
could be generatedby k generatorsfor any k from 1
to d, then the number of neighbors is exponertial in
d; howewer, this is not necessary

One additional feature for somelattices is the abil-
ity to vary the resolution while preserving low dis-
crepancy Families of embeddedlattices are described
in [41], in which ead lattice contains twice as many
samplesasthe previousone,and ead lattice includes
all points from lower-resolution lattices. This feature
was useful in planning for iterativ ely increasing the
resolution in [9].

We refer to one particular lattice asthe Sukhaev
grid if it is constructed as follows for someN suc
that k = N9 is an integer. Decompose X =
[0;1]° into N cubes of width 1=k so that a tiling of
k £ k£ ¢¢¢E k is constructed. Place a sampleat the
cenrter of eadh cube. SeeFigure 4. In comparisonto
a standard grid (starting at the origin), the Sukharev
grid doesnot waste points along the boundary of X .

This sampling strategy was shown in [42] to produce
the best possible™? dispersionfor N. Thus, it rep-
reserts an excellert choicefor a grid-basedapproad.

Summary There are two popular measures of
point uniformity: discrepancyand dispersion, both of
which are relevant in the PRM context. Dispersion
indicates whether there will be at least one neigh-
bor for connection, while discrepancy tries to en-
sure there will be an appropriate number of alterna-
tives for making attempted connections. Many low-
discrepancy and low-dispersion quasi-random point
sets have been proposed. One special subclass is
lattices, which o®erbuilt-in neighborhood structures
that arenicely suited for making PRM-lik e roadmaps.
One special subclass of lattices is grids, which in-
cludes the optimal-dispersion Sukharev grid. Thus,
there exist good sampling strategies(in terms of dis-
crepancy and/or dispersion) along the ertire spec-
trum from Halton sequencego grids.

4 A Spectrum of Planners

We take a bidirectional approach to relating grid
searhr to PRMs. Section 4.1 extends and adapts
grid seard, and Section 4.2 presers variations of
the PRM. Section 4.3 discusseghe overlap between
the two families of planners, which includesa planner
basedon the Sukharev grid.

4.1 Extensions of Grid Search

Let CGS refer to classial grid search, as described
in Section 2; for simplicity, assumethat A° searh
is used. As a simple rst extension, consider mak-
ing a Lazy CGS planner. The grid implicitly encades
a roadmap becausethe location of all samplesand
the neighborhood structure is implied in its de ni-
tion. A Lazy CGS planner is simply obtained by not
precomputing the collision bitmap, and deferring all
collision chedks until ead isrequiredin the seardt (ei-
ther the multi-iteration searding approac in [6], or
the single-iteration approad in [9] canbe used). This
straightforward idea (undoubtedly consideredprevi-
ously) avoids performing unnecessarycollision cheds.
Just asin the caseof a PRM, the original CGSis best
suited for multiple queries,and the Lazy CGSis suit-
able for single-query problems.

The next extension may be applied to either the
CGS or Lazy CGS. Consider allowing two di®eren
sampling resolutions: oneis the grid resolution, and
the other is the sampling rate required for collision
cheking. We assumethat the latter sampling rate



Figure 5: Subsamplingis usedto ched the path be-
tweenneighboring grid points.

is much higher than the grid resolution. If we con-
sider a motion from one grid point, g, to an adjacert
grid point, ¢°, then collision cheking must be per-
formed along a sequenceof points obtained by linear
interpolation (respecting topology) betweenq and o.
The grid can now be interpreted asa kind of trellis of
paths; seeFigure 5. A similar idea was applied long
ago for grid seard in [11]. The advantage of this
approad is that we might be able to solve a query
using a low resolution for the grid, yet still be ableto
ched for collisionsat the required level of resolution.
Good performance can be obtained if there are no
narrow corridors in the con guration space. If Qi
or Ogoar do not lie on the grid points, then attempts
canbe madeto connectthem (again by interpolation)
to a set of nearby grid points. We will refer to this
extension as subsampld grid search. If a bitmap is
precomputed, then the approac will be called SGS;
otherwise, it is called a Lazy SGS.

One nal point of concernis: whereshouldthe grid
be placed? It may seemreasonableto align the grid
axeswith the coordinate axes,but the translation re-
mainsfree. Typically, the \origin" of the grid is at the
coordinate origin. Let k denotethe number of points
per axis, and let d denote the dimension. Suppose
k = 3and d = 2. A classicalgrid would place one
point in the certer and the rest along the boundary
(assuming no topological identi cations). The maxi-
mum ! distance possiblefrom a con guration to a
grid point is 1=4 (in a unit cube). Now, considerthe
Sukharevgrid, which provides optimal dispersion. In
this case,the maximum distance is only 1=6. Using
only two points per axis, the Sukharev grid yields a
maximum distance of 1=4, which is equivalert to that
of a classicalgrid for which k = 3. Thesedi®erences
might appear small; howewer, for high-dimensional
problems for which only low-resolution sampling is

possible, the di®erenceis dramatic. For example,
supposed = 10. In this case,a Sukharev grid with

210 = 1024 points provides the same quality cover-
age (in terms of dispersion) as a classical grid with

3%0 = 59049 points. Of course,as k becomeslarge,
the improvemernt diminishes; however, for large d, it

is impractical to make k large. Thus, the di®erence
remains signi cant. For this reason,we assumefrom

this point onward that all grids are Sukharev grids.
Note also that the improvemert diminishesin other
topological spaces. In fact, on a toroidal manifold,

the two grids are equivalent. That said, the Sukharev
grid is never worse than the classicalgrid, and it is
usually much better.

4.2 Variations of the PRM

In this section, we apply the deterministic sampling
ideas from Section 3 to obtain deterministic vari-
ations of the PRM. More details and experimerts
on these variations appear in [9]. For any sampling
method, we can considertwo variations: 1) a version
that precomputesthe roadmap, G, and is suitable for
multiple-queries, and 2) a lazy versionthat performs
collision cheding during the seart, and is suitable
for single-query problems.

First, consider constructing a quasi-random
roadmap QRM, by using the d-dimensional Halton
sequencenstead of vectors generatedfrom a pseudo-
random number generator. The operation of the
QRM should appear identical to that of the PRM;
there are no new requiremerts. We have obsened
improved performancein experimens that compare
the QRM to the original PRM. This improvemen
was independertly con rmed in the Move3D project
[40]. Theoretical motivation for these improvemerts
is givenin Section5.

If the number, N, of samplesis speci ed, then a
lower-discrepancysequencecan be used, suc as the
Hammersley sequence. In this case, the operation
of the QRM is still identical to the PRM. Howevwer,
it is also possibleto use a low-discrepancy or low-
dispersion lattice. In this case,the costly neighbor-
hood range queriescan be avoided becausethe neigh-
borhood structure is implicitly de ned by the lattice
rules. For many problemsthis can result in substan-
tial performance improvemert, particularly for lazy
planners. The time required to precomputethe initial
graph in the Lazy PRM represents a sizable fraction
of the total running time for some problems [6, 9].
Let LRM refer to a quasi-randomroadmap in which
lattice points are used.

To help gain an understanding of the value of de-
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Figure 6: a) A probabilistic roadmap based on
pseudo-randomsampling; b) a Hammersley sample
version. Each uses1000 samplesand the samecon-
nection radius.

| Dim. | Width [ Rad. [ PRM | QRM | Factor |

2 .03 .10 464 195 2.38
3 .05 .25 828 579 1.56
3 .10 40 106 26 4.08
6 .10 40 | 12857 | 4052 3.17
10 .25 .60 1531 | 1506 1.02
10 .20 .60 6260 | 2101 2.98

Figure 7: A comparisonbetweenthe PRM and QRM
for narrow corridor problems. The QRM improve-
ment factor is shown in the "nal column. PRM re-
sults are averagedover 100 trials.

terministic sampling, we brie®y summarize our ex-
periments, some of which appearedin [9]. Figure 6
comparesthe PRM to a QRM that usesHammer-
sley sampling. Although the problem is only two-
dimensional, it clearly illustrates undesired e®ectsof
pseudo-randomsampling in building roadmaps. Fig-
ure 7 shows the results of experiments performed on
narrow corridor problems that have the samegeom-
etry asthe example in Figure 6, but the con gura-
tion spacesrange from 2 to 10 dimensions; ead in-
volves a corridor with two bends and a cubic cross
section with its width indicated in the table (the C-
spaceis [0;1]%). The connection radius is given in
the third column. The number of nodes required
to nd a path that travels through the corridor is
shawvn for both the QRM and 100 averagedtrials of
the PRM. The nal column indicates the improve-
ment factor of quasi-random over random sampling,
in terms of the number of nodes. We obsened larger
improvemen factors as the corridor width narrows.
Finally, we compare performance on three planning
problems that involve moving a rigid body in R3, as
shown in Figure 8. The columns of Figure 9 marked

Truck

Figure 8: Elbow: A 6-DOF planning problem in
which an elbow-shaped robot passeshrough a small
opening. Cup: placing a feather (1184 triangles) into
a cup (1632triangles). Truck: getting a truck (22284
triangles) out of a cage(1032triangles).

Min, Max, and Avg, give the number of nodes used
in the PRM. The column labeled L-LRM gives the
number of nodes using a Lazy LRM and a recom-
mended low-discrepancy lattice from [41]. The nal

column gives the number of nodes required by us-
ing a Sukharev-grid SGS. The numbers of points per
axis were 4 for the Elbow, 3 for the Cup, and 7 for
the Truck. Two-generator and one-generatorneigh-
borswereusedfor making edgeswhich yields at most
42 attempted edgesper vertex. The results indicate
no clear advantage of pseudo-randomsampling over
quasi-random samples, lattices, and grids. In fact,
performance seemsto be improved by using lattices.
Furthermore, the immediate availabilit y of the neigh-
borhood structure provides additional performance
bene'ts, particularly in a lazy approad.

4.3 Sukharev Grid: Closing the Gap

The last column of Figure 9 shows good performance
for the Sukharev grid, but what kind of method is
this? It can be consideredas an extension of classi-
cal grid seard that usessubsamplingand Sukharev



| Prob. | Min | Max | Avg | L-LRM | Grid |
Elbow | 1250 | 15250 | 4667 3963 4096

Cup 2000 | 12000 | 4800 2152 729

Truck | 5000 | 95000 | 35207 5138 19347

Figure 9: Comparisons of the number of nodes for
the Lazy PRM vs. the Lazy LRM. PRM results are
averagedover 25 trials.

samples. The Sukharev grid is also a kind of lattice;
therefore, the method can be consideredas a special
kind of LRM, and the spectrum of planners appears
as:

CGSj SGSij LRM | QRM j PRM

Alternativ ely, the \Lazy" term could be added to
ead of these,to make single-queryversions.

We now describe somebasic relationships between
the plannersin the spectrum; additional conclusions
and insights are derived from the theory in Section
5 and the discussionin Section 6. Two problems
with classicalgrid seard (CGS) were: high sampling
density required and too many points were concen-
trated along the boundary. The rst problem was
“xed by subsampling(SGS), and the secondwas xed
by using the Sukharev grid. Once these changesare
made, grid seard appearsto be comparableto other
lattice-based roadmaps (LRM). Basedon our experi-
ments, the LRMs (including grids) yield performance
that is comparableto that of QRMs; however, LRMs
have the additional advantage of known neighbor-
hood structure. Finally, the QRM appears superior
to the original PRM in performancebecauset avoids
the clumpinessand sparsenesghat must occur for a
set of pseudo-randomsamples. Thus, in comparison
to the original PRM, the Sukharev subsampledgrid
seemsto o®ermany advantages.

5 Theoretical Considerations

We provide some theoretical analysis for all of the
deterministic planners preseried in Section 4, which
includes the QRM, LRM, CGS, and SGS, and their
Lazy courterparts. Let DRM refer to this collection
of planners (for deterministic roadmaps.
Deterministic sampling enablesthe DRM planners
to beresolution complete in the sensehat if it is pos-
sibleto solvethe query at a given samplingresolution,
they will solveit. The resolution can beincreasedar-
bitrarily to ensurethat any problem can be solved, if
a solution exists. This is in contrast to the original

PRM and other randomized variants, which are only
probabilistically complete [24] (the probability tends
to onethat a solution will be found asthe number of
samplesgrows to in nit y).

We exploit dispersion bounds to characterize the
set of con guration spacesthat can be solved. This
characterization is in terms of a parameter that mea-
suresthe narrowest corridor width, in a manner sim-
ilar to that of [3, 7, 19]. We de ne a cylindrical tube,
and the \width" of G ;e is expressedn terms of the
largest possiblecrosssectionof the tub e, over all pos-
sible queries. Measuring this parameter may be as
dizcult as the planning problem; howewer, the ex-
pressionof planner performancein terms of parame-
ters that are dixcult to measureis commonin ran-
domized planner analysis [3, 6, 19, 20, 23]. If a so-
lution doesnot exist, our deterministic planners are
able to declare that either the solution path must
travel through a narrow passagethat has a width
smallerthan a speci ed value, or there is no solution.
Sud aresult might be useful in applications because
oncethe corridor is known to be narrower than a rea-
sonableprecision level, it is essetially equivalernt to
not having a solution.

We assumethat for any PRM-lik e method, the ra-
dius parameter usedto selectneighborsin the NBHD
function from Line 5 of Figure 1 is always suzciently
large. In theory, the radius can be madelarge enough
sothat an attempt is made to connect every vertex
to ewery other vertex. In practice, this becomesim-
practical; therefore, a smaller value is used.

Let °© = honit ;Ogoari denote a query. The set,
i( G ree), Of all queriesin which gt 2 G ree, Ogoar 2
G ree, and Gnit 8 Ogoal, fOr a given G ¢ is called the
queryspace of G ree. Let | s(Gree) U i( G ree) denote
the set of all queriesfor which a solution exists.

Let C represent any d-dimensional con guration
space,parameterizedto yield C= [0;1]%n » , in which
n » denotes appropriate topological identi cations
along the boundary of the unit cube. Let 2 repre-
sen the subsetof the power set of C corresponding
to all open subsetsthat can be constructed with al-
gebraic constraints, as formulated in [24].

Let a tube, B, represernt an uncountable collection
of balls of equal radius whose certers are generated
by a continuous path, ¢ : [0;1] ! G ee. FoOr each
s 2 [0;1] there exists an open ball B 2 B that is
certered at ¢(s) and hasradius r, which is xed for
all B 2 B; let B(s) denote the ball certered at ¢(s).
We call 2r the width, w(B), of the tube.

Let V(qg) denotethe set of all points visible from a
setq2 G ee (i.€., foreah g2 V(qg), .g+ (1i ,)q°2
G ree for all |, 2 [0; 1]).
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Suppose that a query ° 2 js(Gree) iS given.
Among all possibletubes, let B(°) denote the tube
with the largest width such that B (0) %2V (ginit ) and
B (1) %2V (Qgoa)- In other words, the ertire rst ball
is visible from gt , and the ertire last ball is visi-
ble from ggoa . Denote this largest-width tube asthe
B(°), and call its width the width, w(°), of the query.
For any query ° 2 j( G ree) Ni s(Gree), We sa&y that
its width is zero becauseno tube exists.

De ne the width of G e as

W(G ree) =

inf

w(®):
°2i S(Qree)

(4)
Let 2( x) for x 2 (0;1 ) denotethe setof all G ee 2
a8 sudh that w(G ree) , X. Intuitiv ely, this can be
consideredasthe set of problemsfor which the width
of the narrowest corridor is at least x.

Supposethat the roadmap, G, is constructed for
a particular G . Then, the algorithm is said to
be complete for G e if all queriesin j( G ee) are
answered correctly in the query phase. A solution
path must be reported if oneexists; otherwise, failure
is reported.

Our “rst two results establish the resolution com-
pletenessand complexity of all of the DRM plan-
ners. Therein, we only assumethat sampling is ac-
complishedusing a set P of low-dispersion points, for
which

+(P; %) < b(d)NT

where b(d) is a constart that may depend on the
dimension d. Propositions 1 through 3 below hold
for any metric, provided that both tube width and
dispersion are measured using the same metric, %2
Propositions 4 through 6 hold for norms (which are
all related by constarts in subsetsof RY) under the
sameprovision.

Many sud low-dispersion point setsand sequences
exist, asintroduced in Section 3. For example, con-
sider the Halton and Hammersley sequencesjener-
ated by applying the ‘rst dor dj 1 primes: p;, with
p1= 2,p2 = 3,p3 = 5,.... The Halton points satisfy
[32 33
v
u
+P;"%) < t 12+ p N
i=1
pg N =9,

HP;'l) <

for the Euclidean and *! norms, respectively. The
Hammersley points satisfy [32, 33
v
NEE
+#P;?) < b 20+ pNEY
i=1

#P;h) < (I pg ) NTEE

The Euclidean constarts can be improved by us-
ing the results in [32], howewer, we avoid any fur-
ther re nements here. Improvemerts can also be
obtained by using quasi-random samplesfor which
tighter bounds exist [33, 34]. A grid constructed to
achieve tf‘t?_Sukharev sampling criterion [42] yields
b(d) = % d for 2 dispersion. If *1 dispersion is
considered, then b(d) can even be made dimension
independert. In this case,the Sukharev grid yields
b(d) % which is the tightest bound possible.

The following proposition characterizes, in terms
of tub e width, the set of G ;e for which a DRM will
correctly solve all queriesafter N samplesare used.
Prop osition 1 After N iterations, the DRM plan-
ners are complete for all G ee 2 2(4 b(d)N' 79), in
which N is the number of points, d is the dimension
of C, and b(d) is a factor that dependson the sampling
metha.

Pro of: Suppose Trst that C = [0;1]¢ (ignor-
ing any identi cations). Assume that Giree 2
a2 K(d)N i 179). To shov completenesswe establish
that for any solvable query, a solution path will be
found; let ° 2 j (G ee) be such a query. Because
Gree 2 32 b(d)Ni 179) there exists a tube, B, of
width at least2b(d)N ' 179, such that B (0) ¥4 V (Gnit )
and B (1) %2 V (Ogoal )-

Let P denote the set of sample points, which is
alsothe set of verticesin the roadmap, G. Each ball
B 2 B must contain at leastoneq?2 P. This follows
from the fact that N sampleswere generated,and it
hasbeenshown in [32] that for Euclidean dispersion,
+P) < b(d)Ni 79, If any ball of radius b(d)N i 179 is
empty, then the dispersion would violate this upper
bound.

First, consider connecting Gt and Ogoa to the
roadmap. Since B(0) Y2 V (gnit ), all con gurations
found by linear interpolation between gyt and any
point in B(0) are collision free. Therefore, gnit Wil
be connectedto a con guration in P (either one con-
tained in B(0), or at least onein the sameconnected
componert of G as a con guration of P that lies in
B (0)). Using a similar argumert for B (1), ggoar Will
also be connectedto a roadmap vertex.

It nally remainsto shaw that there existsa path in
G betweenthe two con gurations in P to which gt
and ggoa are connected. Consider the balls of B as
parameterizedusing B (s) for s 2 [0; 1]. We construct
asequencefy, :::, G; 1 of k con gurations asfollows.
Let gy be any elemert of P\ B(0). Let s; 2 [0; 1] de-
note the last point at which the ball B (s) contains qg,
by starting with B(0) and increasings cortinuously.
Let ¢y beany elemen of P\ B(s;) nfgg. Note that
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the B(s1) must contain at least two points in P be-
causeq lies on its boundary. Inductively, let g be
any elemen of P\ B(s;j)nfg; 19, wheres; is the rst
point at which B (s) doesnot contain g;; 1. Note that
the induction is "nite, and let ¢; 1 denote the nal
con guration in the sequence.

We argue that there must exist a path in G be-
tween ead pair, G, G+, of con gurations for i 2

of B(sj+1 ); therefore, B(sj+1 ) cortains two points of
P. Furthermore, all points betweeng and g+1 via
linear interpolation must be collision free. The al-
gorithm in Figure 1 would either have produced an
edge between them, or failed to becauseboth were
already part of the sameconnectedcomponent of G.
Either way, there exists a path in G betweenqg and
G+1 . By applying this for eah con guration in the
sequence,there exists a path in G between ¢y and
O; 1. Furthermore, q is connectedto G , and o; 1
is connectedto gyoa - Therefore, the query is correctly
answered by returning a solution path.

We now turn to the casein which C= [0;1]%n», in
which » denotesboundary identi cations neededto
appropriately re°ect the topology of transformation
groups that arise in motion planning: S*, P3, etc.
For the dispersion measuremets in [0; 1]¢, balls near
the boundary haveto be cortained ertirely inside the
unit cube. Once identi cations are considered,some
balls are allowedto over°ow aslong astheir certer lies
in [0;1]°. Sincex(P) < b(d)Ni =9 for [0; 1], these
over°owing empty balls cannot have radius larger
than 2b(d)Ni 179, Thus, the dispersionin the part
of the proof for [0; 1]¢ is simply scaledby two for the
caseof [0; 1]9n » by assumingG ree 2 2(4 b(d)N i 1=9)
in the rst step, which establishesthe proposition. 1

The previous proposition can be reworkedto bound
the width of the query:
Prop osition 2 After N iterations, the DRM plan-
ners, for a query °, either report a solution path
or correctly declare that one of the following is true:
there is no solution path, or w(°) < 4b(d)N i 179,

Pro of: This follows directly from Proposition 1.
Sincethe DRM is complete for 2(4 b(d)N i 179, if no
solution is found after N iterations, then w(G ;ee) <
A(d)N i =9 and w(°®) < 4b(d)N i 179, |

The next proposition indicates that if the disper-
sion is at least +, then it is possiblefor a DRM or

PRM planner to miss solutions in corridors of width
+

Prop osition 3 For any sampleset, P, that has dis-
persion at least +, no roadmap constructed using the
algorithm in Figure 1 can be completefor 2 n?( %).

Figure 10: A narrow corridor in G g, Usedin the
proof of Proposition 3.

Pro of: We arguethat completenesss lost by pro-
ducing a Gee and query ° 2 js(Gree) that will
be answered incorrectly. If the dispersionis +, then
there existsa ball, B % [0; 1]¢ with radius + such that
P\ B = ;. Considerthe narrow corridor in G , ¢e that
is shown in Figure 10. Assumethat a no tub e greater
than width * can be placedin the corridor. If G ee
is chosensothat B is located as shawn in the shaded
area, then there will be no path in G that traverses
the corridor. For any point on one side of the corri-
dor outside of B, the straight-line path to any point
on the other side of the corridor outside of B will in-
tersect Cn G ee. Thus, a solution path will not be
found. ]

From this the next proposition follows, which es-

tablishesthat any PRM approad will require an ex-
ponertial nhumber of samples. It is assumedthat the
sampling scheme generatessamplesindependertly of
the obstacleregion.
Prop osition 4 Under any sampling scheme (ran-
domized or deterministic), a roadmaprequiresa num-
ber of samplesexmnential in dimension, d, to be com-
plete for 2( ).

Pro of: This follows immediately from Proposition
3 and the Sukharev sampling criterion [42]. |

We now consider asymptotic bounds for DRM
planners. The next proposition indicates that the
DRM planners do the best possible, up to a con-
stant of proportionality (this assumesthat they use
Hammersley-Halton sequence®r the Sukharevgrid).
Prop osition 5 The number of samplesrequired by
each DRM planner to be completefor &( %) is asymp-
totically optimal.

Pro of: By Proposition 3, to be completefor 3( %),
the dispersion must be lessthan +. Thus, the goal
of a DRM algorithm should be to reduce + using as
few samplesas possible. The Hammersley-Halton se-
quencesachieve the best possibleasymptotic disper-
sion [32], as doesthe Sukharev grid [42]. Therefore,
the number of samplesusedin the DRM plannersis
asymptotically optimal. ]

The following proposition gives some indication
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that random sampling does not yield the best pos-
sible asymptotic convergencein the PRM; in fact, it
is signi cantly worse than using deterministic sam-
pling.

Prop osition 6 For a xed d, the PRM with random
sampling requires O((log N)dl) times as many sam-
ples (with prokability one) as the DRM planners to
achievethe same™! dispersion.

Pro of: It was shovn by Deheuwels [33] that "1
dispersion for random samplesis O((logN)&N )
with probability one. The asymptotic dispersion for
Hammersley-Halton sequencess optimal by read-
ing the Sukharev sampling criterion, O(N' ﬁ). The
factor di®erencebetweenthe two is O((log N)%). ]

This result quanti es the problems with random
sampling, as shawn in Figure 2. To satisfy statistical
tests for uniformity, a pseudo-randomnumber gener-
ator must clump too many points in someplaces,and
not enoughin others. If the distribution of points is
\to o uniform," then it will fail statistical tests. The
deterministic samplers, on the other hand, are able
to carefully dispersethe points without this wasteful
concern.

Relating the PRM to grid search We now dis-
cuss the implications of the previous propositions.
Consider Propositions and 1 and 2. If we use !

dispersion, the Sukharev grid yields b(d) =~ 1=2,
which is the best possible performance that can be
obtained. An exponertial number of samplesin d
is required, but according to Proposition 4, this is
unavoidable. Note that the PRM cannot even pro-
vide these deterministic guarantees becauseof ran-
domization. The PRM at least has asymptotic anal-
ysis that establishesprobabilistic completenessand
convergence[3, 22]. Howewer, Propositions 5 and 6
indicate that the asymptotic rate of corvergenceob-
tained by the best quasi-random sequenceginclud-
ing the Sukharevgrid) is asymptotically optimal, and
the useof random samplesis a signi cant factor worse
with high probability. Thus, in addition to the exper-
imental advantagesdiscussedin Section 4, there are
strong theoretical indications that deterministic sam-
pling in general,and the Sukharevgrid in particular,
o®eradvantagesover the PRM.

6 Discussion
We have provided a spectrum of planners that

ranges from classical grid seard to the probabilis-
tic roadmap. Surprisingly, randomization does not

appear to be advantageousin the PRM context, ac-
cording to our experiments and theoretical analysis.
Basedon our work, we believe one of the main factors
for the succesf the original PRM wasthe excellent
use of subsampling (using di®erent sampling rates
for seard and collision detection). In the context of
grid seard, it is easily understood that subsampling
greatly improves performance by enabling challeng-
ing problems to be solved with very few points per
axis. In the original PRM, this idea also cortributed

greatly to the performance. Although there appears
at ‘rst to be no exponertial dependencyon dimen-
sion becauseN is chosen directly, the exponertial

dependencyrevealsitself onceagain if we try to hold
dispersion xed. The notion of xing the dispersion
is generalenoughto mean keepingthe resolution the
samefor a grid, while also applying to any sampling
scheme. Using the Sukharev sampling criterion, N T
can be consideredas the \p oints per axis" for any
sampling scheme, whether or not it is a grid, and
alsowhether it is random or determinstic.

Very high dimensions We note that our experi-
mernts focused mostly on six dimensions, with some
examplesup to ten dimensions. This includes many
problems of interest in robotics, but examples ex-
ist in robotics and computational biology in which
there are dozensor hundreds of dimensions. Obvi-
ously, even a Sukharev grid with two points per axis
would be impossibleto manage for some problems,
while pseudo-randomsampleswould appear to have
no trouble. One straightforward way to use deter-
ministic sampling would be to usea sequencesud as
Halton/Hammersley in the place of pseudo-random
samples. Alternativ ely, one could allow the sampling
rate to vary over ead axis of agrid. If someaxeshave
only one point per axis, then a grid is again possible.
In very high dimensional problems we expect, how-
ever, that the performancedi®erencesdbetweenusing
pseudo-randomsampling and deterministic sampling
would be negligible. This is due primarily to the fact
that spacesof this dimensionwill be sewerely under-
sampled,regardlessof the sampling schemeused(i.e.,
the \p oints per axis" for any sampling schemewould
be approximately one).

Search issues Searding is one of the oldest and
most fundamental issuesmotion planning. Although
most PRM-based planners use A® seard, it is im-
portant to revisit someof the basic seart issuesin
this context. Given the close connection drawn be-
tween classicalgrid seard and the PRM in this pa-
per, it should be clear that classical seard issues
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which apply to grids should also apply to PRMs,
QRMs, Sukharev grids, etc. that have a large num-
ber of samples. If a PRM has thousands of nodes
in a high-dimensional space,then the common local
minima problems most likely exist. Since optimal-
ity is not important in this context, many motion
planning ideasthat are baseddirectly on incremen-
tal seard could be usedto seart the roadmaps ob-
tained in the family of planners described in this pa-
per. Potential "eld approaceshave improved searh
by using heuristics to escape local minima [4, 13, 21].
For the randomized potential "eld planner in [4], the
seart is even performed over an implicit grid. Thus,
it can be consideredas a Lazy CGS, with A” searth
replaced by the potential "eld method. The planner
in [11] can also be consideredas a Lazy CGS plan-
ner. Of coursemany other planning approaces can
be considered. Incremental searting methods, suc
as Ariadne's clew [31], bidirectional RRTs [26], or
the planner in [20, 37], can be consideredas alter-
nativesto A® seard in any roadmap approac. For
example, the Sukharev grid could be searded using
a randomized potential “eld planner instead of A”.
It is important to carefully investigate seard issues
in combination with the sampling ideaspreserted in
this paper.

Multiresolution  approac hes Wehave givenlittle
attention sofar to the issueof varying the resolution.
For sampling sequenceghat require N to be spec-
i ed, what happenswhen N needsto be increased?
Many planning algorithms involve a repeatedalterna-
tion betweenpath searding and improving the sam-
pling resolution. Of course,numerousmultiresoluton
approades have been consideredin the context of
grid seard and also hierarchical cell decomposition
(see[21, 24)) for surveys). In the PRM cortext, this
is essetially the problem of determining how many
samplesare necessanbeforea solution can be found.
In the Lazy PRM work [6], it is indicated that this
remains one of the greatest ditculties. In a PRM
or QRM, any number of points can be easily added
before seard is performed again. For the Lazy LRM
preserted in this paper, the number of lattice points
could be iteratively doubled, while still remaining
low discrepancy[9]. In multiresolution approades,
such as [12], the sampling can be improved locally.
In the recert multiresolution grid approadc in [5], a
trellis is iterativ ely maintained, and a hyperplane of
samplesis added in ead iteration before seard is
performed again. This scheme could work well with
the Sukharev grid approach presered here. In light
of the spectrum of planners preserted in this paper,

multiresolution issuesfrom earlier planners and de-
termining N for PRM-lik e planners appear to be the
same problem. An interesting topic for future re-
seart is the developmen of in nite samplesequences
that periodially appear as a grid, but maintain low-
discrepancyor low-dispersion properties for any N.
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