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This paper introduces the concept of a hybrid system and someples include disk drives [56], stepper motors [57], the on—off
of the challenges associated with the stability of such systems,pehavior of a furnace [24], [25], a VSTOL aircraft [58], etc.
including the issues of guaranteeing stability of switched stable Example 1: For a simplified model of a manual transmis-

systems and finding conditions for the existence of switched _. 571 letz: d te th d iti f th
controllers for stabilizing switched unstable systems. In this sion [57], letz, denote the ground position of a cap the

endeavor, this paper surveys the major results in the (Lyapunov) €ngine RPM, and contral € [0, 1] the throttle position. The
stability of finite-dimensional hybrid systems and then discusses simplified (hybrid) dynamics are

the stronger, more specialized results of switched linear (stable
and unstable) systems. A section detailing how some of the results

can be formulated as linear matrix inequalities is given. Stability T1 =2 (1.1a)

analyses on the regulation of the angle of attack of an aircraft and [ 1 [—a(z2) +u] (1.1b)

on the PI control of a vehicle with an automatic transmission are 1+ 8(p)

given. Other examples are included to illustrate various results in

this paper. wherea(zz) > 0whenzs > 0,p € {1, 2, 3, 4} denotes the
Keywords—Hybrid systems, linear matrix inequalities, stability, ~9€ar shift position, and(p) is some function of. Equation

stabilizability, switched systems. (1.1b) comes in four flavors depending on the decision of the

external agent, who control®.” Hence, the hybrid system
consists of four distinct dynamic motions (four distinct CT
state models) indexed hyand concatenated in some way to
Loosely speaking, hybrid systems consist of continuous produce an overall dynamic motion. O
time (CT) and/or discrete time (DT) processes interfaced  This paper overviews current results on the stability of hy-
with some logical or decision-making process. The con- brid systems and, within the narrow confines of switching
tinuous/discrete time (C/DT) component might consist among afinite set of possible motions, the stabilization of hy-
of differential/difference equations or continuous/discrete brid systems. For other overviews, see [4]-[8] and [26]. The
time state models. The logical/decision-making (LDM) following two examples motivate the rich challenges and un-
component might be a finite automaton or a more general foreseen surprises intrinsic to the stability of hybrid systems.
discrete event system [1]. The C/DT processes affect the Example 2 [49]: Consider the autonomous state dy-
state transitions of the LDM, and the LDM processes affect namicsi(t) = A,z(t) wherez = [z1, 22]" € R%,p €
the dynamic motions of the C/DT processes [2], [3]. Exam- {1, 2} and
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For any given initialization, this function specifies a rule with
memory for switching the dynamic motion of the system be-
tweenA; andA,. Fork = —0.2 and anyz(0) # 0, the state 4 okt
trajectory diverges too (Fig. 1), showing that switching be-

tween two asymptotically stable systems can produce an un-

stable trajectory. O "

7 ;
0

Switching between two asymptotically stable systems &
as above can occur in the control of the longitudinal dy- N
namics of an aircraft with constrained angle of attack (see 1 =02,

Example 4). Two questions arise: a) what classes of stable
systems admit a stable state trajectory for all switching 9 -3 -2 -1 1

sequences and b) what switching sequences always result in 1
stable trajectories? If there exists a common Lyapunov func- Fig. 1. Unstable state trajectory of switched stable systems.
tion V() for a set of stablel-matrices, the resulting system

is stable for all switching sequences [26], which answers
question a). A partial answer to question b) is intuitive:
If switching among asymptotically stable systems is slow
enough, one would expect a stable response. Stability here {

Example 3 [30], [50]: Again, consider the autonomous
state dynamics(t) = A,z (t), wherep(t) € {1, 2} and

0 10}7 AQI[ 1.5 2 } (1.32)

is characterized by a traditional Lyapunov functidiiz) A= 0 o 5 05

that measures the system energy. Mathematichlly) is
continuous and differentiable}’ (0) = 0, andV(z) > 0 and o _

if = # 0. Further, ifl/ < 0, # 0, then the state(¢) will (1) = {1’ Tp(t7) = 2andey(t) = —0.250.(8) | 0
converge to zero, implying local stability (global stability if 2, if p(t7) = 1landxa(t) = 0.521(¢).

V(-) is radially unbounded) [91]-[93].

The fact that a common Lyapunov function guarantees
stability for arbitrary switching has led researchers to search
for conditions under which a common Lyapunov function
exists. See, e.g., [27]. For switching between two stable
linear systems in the plane, necessary and sufficient con-
ditions for the existence of a common quadratic Lyapunov
function have been derived [28]. For families of linear . ) . .
systems (indexed by a compact set), various algebraicagdAQ’ define quadrz}tlc Lyapunov-like functiong(x) =
properties of the family have proven to be sufficient. For % £1% andVz(z) = 2” Pox, where
example, if all of the matrices commute or have a solvable 0.46875 _1'875} ’ [ 1 1'2}

) 2 = .

Both systems are unstable as the eigenvalugls & at zero
and those of4, lie at0.5 + j+/3. The phase-plane portraits
of the individual systems are shown in Fig. 2.

These phase-plane trajectories can be pieced together to
produce a stable state trajectory as shown in Fig. 3.

A stability analysis of this system serves to motivate many
ideas contained in this paper. For the system structdies

Lie algebra, then a common quadratic Lyapunov function 1 = _1875 15 12 16
exists and the system is stable under arbitrary switching. See ' ' '

[26] for more details and [29] for a generalization. Finally, Quadratic Lyapunov-like functions having negative definite
sufficient conditions for a common Lyapunov function of derivative in some region of the state space always exist pro-
a “quasi-quadratic” form has been generalized to nonlinear vided 4, # 37 with 8 > 0 [30]. As such, define the regions
systems [9]. Q; = {z|Vi(z) = 2T(AT B+ P, A;))z < 0},i =1, 2. Thus,
The on-off behavior of a furnace exemplifies switching in ;, the system energy, defined B¥(z), decreases. One
between a stable system (off) and an unstable system (on)may also verify thaf2, U2, covers the entire state spak@.
[24]. Under certain conditions, if a furnace locks to the Since the energy is decreasingip the state moves closer to
on-mode, the temperature outside the furnace will contin- the origin within(2;, as measured by the ellipsoidal level sets
uously rise, an unstable behavior. An even more complex defined by the function®; (). Placing theV;(z(t)) [=(t)
problem, and one dual to the problem shown in Example 2, peing the actual system state trajectory] side by side results
is that of switching between two unstable systems to producein an overall piecewise continuous and piecewise quadratic
a stable trajectory, as illustrated in Example 3. Lyapunov-like function whose energy ultimately decreases
to zero as per Fig. 4. O
The ideas a) that the union of tli&regions covers the
state space; b) that in ea€hregion there are one (or more)
(quadratic) Lyapunov-like functions whose energy decreases
1Continuous and diﬁgreptiable is the classical and customary assumption along the system state trajectories; and c) that these possibly
on the Lyapunov functiort’(-) due apparently to the fact that system dy- multiple Lyapunov-like functions can be pieced together in
namics have often been described by continuous and differentiable vector
fields. This, however, is not required. See, e.g., [94] and [95]. Work in hybrid some way to produce a global (nontraditional) Lyapunov
systems generally avoids this assumption as in Theorem 4.1 in [2] and, of fnction whose overall energy decreases to zero along the
course, throughout this paper. More recently, because one may be switching . . . . .
among unstable systems, the phrase “multiple Lyapunov functions” has ap-syStem state trajectories underlie the main results of this

peared. paper.
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This paper is organized as follows. Section Il briefly
introduces the model of a hybrid system used throughout
the paper, while illustrating the representation by the lon-
gitudinal control of an aircraft and the PI cruise control of
a vehicle with an automatic transmission. Careful stability
analyses of these examples are set forth in Section VI.
In between, in Section IIl, we overview the development
of the main stability results for finite-dimensional hybrid
systems. These results are specialized for switched linear
systems in Section IV. In Section V, a numerical approach
for the stabilization of such systems is formulated and set
forth as the solution of a linear matrix inequality (LMI).

Fig. 2. Dashed line is phase-plane portraitit= A, z; solid line Example 3 is revisited and solved via the LMI approach,
is phase-plane portrait af = Asx. also in Section V.

Il. AHYBRID SYSTEM MODEL

Two of the earliest hybrid system models were those of
Witsenhausen [63] and Tavernini [64]. However, in the last
decade or so, hybrid system modeling has evolved dramat-
ically beginning with Peleties and DeCarlo [50], [65]-[68]
and continuing with Stiveet al. [69], [70], Alur et al.[71],
Nerodeet al. [72], [73], Dogruel-Ozguner [74], Branicky
[51], [75], [76], and, more recently, Petterssenal. [49],

[77], [78]. A review of these models is beyond the scope of
15 -10 -5 5 this paper. Nevertheless, the pertinent fruit of the modeling
i evolution can be summarized by the dynamics

Fig. 3. State trajectory resulting from switching betweén and .
A, the linesrs = 0.5, andas = —0.25:y lie in Q4 N Q. (1) = fx(t), p(t), u(t)) (2.1a)
)

y(t) = g(x(t), p(t), u(t) (2.1b)
p(t") = p(a(t), p(t), u(t), o(t)) (2.1c)
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wherez(t) € R™ is the continuous-time state(t) can be
either a continuous control input or some external (refer-
ence or disturbance) signal to the continuous-time part of the
systemp(t) € {1, ---, M} represents a discrete state that
indexes the vector fieldg(:, -, -) that determine:, o(¢) is a
“discrete event” (possibly control) input, agd-, -, -, -)isa
discontinuous transition function behind which lies a whole
set of undescribed logical and/or discrete-event system dy-
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t namics. In many caseg(t) serves as the “control,” as in Ex-
) ) ) ) . . ample 1. A special case of model (2.1) is #ngtonomous
Fig. 4. Energy profile of the switched system with trajectories . . .
shown in Fig. 3. model,in which «(t) and o(t) are not present, as in Ex-

amples 1-3. In particular, for Examples 2 andf3z(¢),

Example 3illustrates the stability and stabilizability oftwo  2(t): 4()) = Ay, p(t) € {1, 2}, with the transition func-
linear time invariant systems with state spaces in the planetions definedin (1.2) and (1.3b). The autonomous model also

R2. An exhaustive analysis of various properties of switched "€Sults whenu(t) ando (¢) are explicit (feedback) functions

systems with state vectors i&* was set forth in Loparet of the state. , o o .
al. in [31] and [32]. More recently, using a geometric ap- Example 4: The highly simplified longitudinal dynamics

proach, Xu and Antsaklis [33], [34] were able to obtain nec- ©f @n aircraft can take the form [51], [59]

essary and sufficient conditions for asymptotic stabilizability p 1 -10][q 1
of two-switched LTI systems with state spacesiih Char- {OJ =i=f(z, u, p)= { 1 1 } {a} + [ 01 } Up(t)
acterizing the stability and stabilizability of switching among ’ (2.2a)

families of nonlinear systems presents a much more chal-whereq < ayy, is the constrained angle of attack apés
lenging task. For the most general results in this area, se€e pitch rate. The output equation is
Branicky [1], [6], [10], Michelet al.[2], [3], [8], and Pet-
tersson and Lennartson [11], [12], [49]. The substance of @ 0 1 q 0

i =10 sl < L]

these results is described in Section Il1. n. 0 —300]|« (2.2b)
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wherep(t) € {1, 2}, n. is the normal acceleration, and the v= —(l}-whigh v= lG Wy V= IE Wrigh
control variableu,,,) is the angle of the elevator measured 2

down from the horizontal with the aircraft. The control ob- @.@.@.@
jective is twofold: track the pilot’s reference normal acceler-

ation while maintaining the safety constraint that the angle v=
of attack must be less than;,,,. To simultaneously achieve

both objectives (to the extent possible), we define a switched Fig. 5. Automaton illustrating discrete state transistors.
“max control law”

The constanf’r is chosen to balance fast convergence with
p(tT) = o(z(t), u(t), p(t)) = arg miax(ui) (2.3) small overshoot; the discrete gaif§,;, € {K1, K2, K3,
K,} are chosen to insure a smooth ride and satisfy

where
GiK; =G 1Ky (2.9a)
up ==L + k1 ogim The initial condition on (2.8b) is a) reset to zero for new
uy =—Gx + kor(t). (2.4) inputs and b) for any change in the discrete sgété at, say,
t., the stat@I(t;g) is reset discontinuously (a so-called state
Here,u; is the output of a controller designed to stabilize jump) so that
the aircraft aboutv;,,,, andu. is a control designed to make

n. track r(¢). Roughly, the max control law acts to track Gp(t;)TI(t,j) = Gp(t;)TI(t;j) (2.9b)
the pilot’s reference using the elevator except when to do so _
would cause the safety constraint to be violated. \% also to ensure a smooth ride. O

Example 5 [49]: The simplified dynamics of a car (mass A stability analysis of Examples 4 and 5 is given in Sec-
m) with an automatic transmission having velocityon a tion VI.
road inclined at an angle is
[ll. GENERAL STABILITY RESULTS FORHYBRID SYSTEMS

v = _k v? sign(v) — gsin(a) + G T (2.5a) Classical Lyapunov stability theory has been the Clydes-
m m dale of system stability for the past century. Demonstrating
w =Gy (2.5b) stability depends on the existence and/or construction of

an appropriate (continuous and differentiable) Lyapunov
(energy) function that may not exist (as per Example 3) or,
when it does exist, may be difficult to construct. For hybrid
systems, demonstrating existence and/or constructing a
classical Lyapunov function only worsens, at best. Yet, the
intrinsic discontinuous nature of a hybrid system strongly
suggests using multiple Lyapunov-like functions con-
1 catenated together to produce a nontraditional (piecewise
i+ 1, ifp(t)=i#4andv = G Whigh continuous and piecewise differentiable) Lyapunov function
g as in [1]-[5], [13], [24], [26], [30], [35], [36], [49]-[52],
i, if p(t) =i+ 1> 2andv = —— wiow and [57]. Qsing muItipIg . Lyapunov functions. (MLF's)
Git1 to form a single nontraditional Lyapunov function offers
. (2.6) much greater freedom and infinitely more possibilities for
wherewyigy andwi.,, are presetangular velocities of the en- - yemonstrating stability, for constructing a nontraditional
gine, as illustrated by the automaton of Fig. 5. Lyapunov function, and for achieving the stabilization of

API crfwsehcontr(i_ller (Olf thg ftorque)_ that must also com- a0 hyirid system (2.1), which we now restrict to the special
pensate for the nonlinear load forces is (autonomous) form

where the discrete stat&, ;) € {G1, G2, G3, G4}, G1 >

Gy > (G3 > G4 are the transmission gear ratios normalized
by the wheel radiug, % is an appropriate constant,is the
angular velocity of the motor, arifl is the torque generated
by the engine, an input to the model. The discrete state tran-
sition function is

p(tt) =

()
! wherep(t) € {1, ---, M}. Further, it is assumed thaft)
for a reference velocity,.; and a proportional contrdl,, = is piecewise continuous (from the right), implying that there

K, 1)(vrer — v). This leads to combined/reduced vehicle- are only a finite number of switches per unit tifhe.

cruise controller dynamics . ) ) i - ) )
2B definition, piecewise continuous means a finite number of discontinu-

ities per unitinterval with well-defined left- and right-hand limits at each dis-

Gp(t) . continuity point. “From the right” further requires continuity from the right.
= (Kp(t)(vref - U) + TI) - 95111(04) (2.8a) Theoretically, one can allow for infinitely fast switching, which brings the
m problem to the realm of hybrid sliding mode control. Practically speaking,
T‘ _ Kp(t) (v _ v) (2 8b) this is to be avoided because of the finite bandwidth of actuators and the un-
= Tr rel ' ’ desirability of exciting (unmodeled) high-frequency dynamics of the system.
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One of the early results of hybrid system stability for linear
switched systems was developed by Peleties [5], [50] for
system (3.1) wherf;(z) = A;x. Briefly, define a family of
Lyapunov-like functiondV;, < = 1, ---, M}, each associ-
ated with the vector field(z, ¢) = f;(x). A Lyapunov-like
functionfor the system: f:(x) and equilibrium point
T € ; C R"™ (the state space) is a real-valued function
Vi(z) (with continuous partial derivatives) defined over the
region?; satisfying the conditions:

i) positive definitenesst;(z) = 0 andV;(z) > 0 for
T # x € §;; oftenT = 0;
i) negative definite derivativdor = € §2;

hte) = 25

fiz) 0. (3.2)
Note that; is precisely the set of for which (3.2) holds.

Theorem 3.1:Suppose thdt), 2, = R”, the state space.
Fori < j, lett; < t; be switching times for which(t;) =
p(t;), and suppose there exists> 0 such that

Vot @(t41)) = Vi) (#(tiga)) < —v IIx(ti+1)IliS- 3
It follows that system (3.1), withf,y(z) = Appz and
switching functiorp(t), is globally asymptotically stable [5],
[26].

Condition (3.3) of Theorem 3.1 is illustrated in Fig. 4.
Branicky set forth the first nonlinear generalization [10],
[51]; other significant extensions are in [8], [14], and [15].

Theorem 3.2[10], [51]: Given theM -switched nonlinear
system (3.1), suppose each vector figlchas an associated
Lyapunov-like functionV; in the regions?,, each with equi-
librium pointz = 0, and supposk); ; = R™. Letp(t) be a
given switching sequence such tpéat) can take on the value
tonly if z(¢) € ©;, and in addition

Vi(z(tin)) < Vi(e(ti k-1)) (3.4)
where ¢; ; denotes thekth time that vector fieldf; is
“switched in,” i.e.,p(t; ,) # p(tf,) = i. Then (3.1) is
Lyapunov stable. 7

Fig. 6 illustrates the meaning of condition (3.4) and a more
general result due to Yet al.[2], [8], [15]. Beginning with

A
Vi Y Vv v, V3 Vi )

=T . :

=

£

B
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g
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>

w2

0 oty t5 ty ts te Tt

t; are switching times

Fig. 6. Dashed line (lower curves) illustrates Theorem 3.2;
solid line (upper curves) shows example of weakening condition
(3.2)—(3.4); squares initiafg, , circles initiatel;, x's initiate V5.

vector fields, f;, when activated, overcome this “small” in-
crease. Thus, the relaxation of condition (3.2) allows greater
freedom for the designer to prove stability and to construct
stabilizing switching sequences. Michetl al. have devel-
oped and formulated their ideas and results in a quite gen-
eral setting capable of handling the diverse motions/behav-
iors found in finite as well as infinite dimensional hybrid dy-
namical systems [2], [3], [8], [16]. Related issues with regard
to systems with discontinuous jumps in the state (impulse ef-
fects) can be found in [17]-[19].

A further extension of the above results is formalized in
Pettersson and Lennartson [11], [12], [49], where the one
(Vi, ;) pair for each vector field; is relaxed to allow mul-
tiple pairs(V;;, i), j = 1, - -+, M; for each vector field;.
Note there is no requirement the # Viy,. In addition,
they have relaxed the assumptions of globally Lipschitz to
locally Lipschitz and the condition thgf(z) = 0 for all ¢ to
f:(z) = 0 for only a subset of the vector fields. The proofs
used in [1], [6], [8], [51], and [52] extend with some routine
modifications by viewing each new pdiVj;, ;) as a dis-
tinct discrete state. We will see applications of this idea in
Section VI.

All of the above theorems can be strengthened to produce

different assumptions, this more general result assumes a@symptotic and exponential stability [1], [2], [8], [11], [15],

so-calledveak Lyapunov functidior V;, in which condition
(3.2) is replaced by
Vi(a(t) < h(Vi(z(t)),  t€(t, tiya)  (35)

whereh: RT — R* is a continuous function that satisfies
h(0) = 0, and wheré; is any switching instant when system
i is activated, i.e.; = p(tj) # p(t; ). Here, the energy
over each time interval for which systenis active remains
bounded in the sense of condition (3.5), potentially allowing
the system energy to increase in these ranges. $ipce
{z |(8V (x)/0z) fi(x) < 0}, the result by Yeet al. permits
/i to be activated for: ¢ €2;.

Intuitively speaking, one might expect that the system en-
ergy could increase for short periods of time provided other

DECARLO et al: STABILITY AND STABILIZABILITY OF HYBRID SYSTEMS

[49], [51], [52]. An example is Theorem 3.3.

Theorem 3.3 [49, Theorem 4.1]f for eachz € R", x #
0, a vector fieldf; (") can be selected such thef f;(z) < 0,
and any resulting sliding motion dynamics are given by Fil-
ippov’s convex combination definition [94], then the origin
0 of the closed-loop system is stable in the sense of Lya-
punov. Additionally, if there exists a constant> 0 such
that2z? f;(x) < —ya® z, then the origin 0 of the closed-loop
system is exponentially stable.

Implicitly, the above theorem provides a methodology for
switching between vector fields to achieve a stable trajec-
tory. Other generalizations are possible. MLF theory can be
extended to the case of multiple equilibria (a different equi-
librium point for each vector field;) and the case where the
index set is an arbitrary compact set [1].
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Note that the restriction that there are a finite number A. Switching Among Stablé-Matrices
of switches in finite time does not necessarily exclude Suppose thel;, i = 1, ---, M, are stable, i.e., all eigen-

sliding-like motions: Indeed, sliding motions may be in- | 4 es in open left-half complex plane. If all thi share
corporated by defining each such motion and its associated; ~ommon Lyapunov functiori{(z) = z¥ Pz, such that

equivalent _dynamics [94] as an additional syste_m to which V(a:) < —2TQz, Q > 0, then the system is exponentially
we can switch. We then merely check _the _condmons of the giaple for all switching sequences [26], [8Bkponential sta-
theorems as before. For more on sliding in the context of bility means that there exist constants > 0 andcs > 0
hybrid systems, see [49], [53], [54], [96]. such that
The general results presented above give sufficient
conditions for hybrid stability. Such sufficient conditions ()] < are™22t|x(0)]|. (4.2)
often lead to powerful design rules, as per the sufficiency of
Lyapunov’s classical theorem [91]-[93] in adaptive control The above conditions ol (z) are equivalent taA? P +
theory [97]. In the adaptive control area, plants sometimes PA; < —@ for all <. See [26] and [98] for more details.
have large uncertainty necessitating controllers designed forFinding such” and( is an area of continued research. Ap-
different admissible models; the hybrid control problemisto proaches when thd, commute can be found in [26], [28],
switch among these controllers to achieve stabilization [4], and [39]. Lie-algebraic conditions (a major research direc-
[26]. Various rules have been proposed for the stabilization tion) can be found in [29] and [40], [41]. However, the ex-
of diverse hybrid systems, notably in [37], [49]-[55]. As istence of a common quadratic Lyapunov function, although
an example of these results, Pettersson and Lennartsorsufficient, is not necessary for stability [9]. Further, in [42],
[11], [12], [49] proposed the following implementation of Hespanha and Morse show that if the on-average switching
Theorem 3.3. is “slow,” then stability is guaranteed.
Min-Projection Strategy:For specificz € |J, Q,
choose the vector fieldf;(x) according to the criterion ~ B. Switching Among Possibly UnstableMatrices
i = argming z” fy(z). If at least oned; € A = {4y, ---, Ay} has eigenvalues
Thus, one strategy that may stabilize a hybrid systemis to iy the open right-half complex plane, then switching se-
pick the vector field that causes maximal descent of a partic- quence(t) exist that destabilize system (4.1). Existence
ular energy function(s), hefé = «"'z. Another strategy to  and construction of stabilizing switching sequences become
stabilize a hybrid system is to select vector fields according critically important. If the set4 contains an asymptotically
to the Lyapunov function with the smallest value as in [38] stable 4;, then any switching sequence that eventually
and [54]. A similar approach is given in [37]. Other view- |atches fixedly ontad; stabilizes system (4.1). Hence, for
points on the stabilization of hybrid systems can be found in the remainder of this section, we have the following.
[4], [13], [26], and [31]-[34]. Assumption 4.1:Each4; € A has eigenvalues in the
The necessity of the existence of Lyapunov functions for ¢jgsed right-half complex plane.

switched and hybrid systems is being energetically explored.  Thys, we seek an answer to the question of exis-

Such converse theorems can be found in [3] and [9]. tence of switching sequences resulting in quadratic
stability and, when possible, a feedback mechanism,

IV. STABILITY AND STABILIZATION OF LINEAR p(tT) = (p(t), z(t)), for stabilization. Byquadratic

SWITCHED/HYBRID SYSTEMS stability, we mean that there exists a quadratic function

Switching among different system structures is an essen-Y () = z¥Pz (P > 0, i.e, Pis positive definite and
tial feature of many engineering control applications. Exam- Symmetric), are > 0, and a switching sequenggt) such
ples include gain scheduling, switched dc-to-dc power con- that

verters, pulse width modulation control, switched capacitor P
networks, and vibration suppression in structures using vari- Viz) = [% V(x)} Apyz < —eala. (4.3)
able stiffness. See, for example, [60]-[62]. This section sur-
veys some of the important results for linedf-switched WhenM = 2,ie., A = {A;, Ay}, then the results of
systems, i.e., those satisfying [30], [35], and [36] lead to the following.
Theorem 4.1: There exists a switching sequenge) such
#(t) = Apyx(t) (4.1a)  that system (4.1) is quadratically stable iff there exists
p(tT) = p(z(t), p(t)) (4.1b) (0, 1) such that

for p(t) € {1, 2, ---, M}. For this restricted class of hybrid Acq = A1 + (1 — a)A (4.4)

systems, stronger results than those presented in Section Il N o ) o
are possible. Particular choices for the switching function IS & stability matrix, i.e., eigenvalues gt lie in the open

(4.1b) are set forth. left-half complex plane.
Conditions for findingA., are in [35], with the caveat
3For a sliding mode to exist on a lower dimensional manifold, the vector that genera| convex combinations are NP-hard [99] [100]
fields must point toward the manifold and drive any state deviations back to L . ! )
the manifold. Hence, motion in an invariant space is a sliding-like motion, (A brute force approach 1S S|mply to pIOt the elgenvalues of
but not necessarily a sliding mode. aAr+ (1 —a)As for 0 < o < 1.) WhenA,, exists andy is
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known, then for arbitraryp > 0, one can construdg., > 0 yet there exists a stabilizing(¢). Example 3 with theA;,

[79], [86] satisfying 1 = 1, 2, given by (1.3a) is one such example: the system
is stabilizable but no commoF exists. General structural
AL P+ PegAcq = —Q conditions on thet;-matrices that guarantee stability remain

open questions. Results in this direction can be found in [38]

i.e., for appropriate switching(t), V (z) = 27 Pequ satisfies  and [43]-[45]. The main thrust appears to be the existence
condition (4.3) above. of solutions to coupled Lyapunov equations as in [38], [43],

In order to construct a piecewise continuous (from the and [45]. However, in the absence of structural conditions,
right) p(t), quadratically stabilizing system (4.1), define for  the min-projection strategyn Section IIl provides a means
i = 1, 2, positive definite matrices for constructing a stabilizing switching strategy when appro-
priate P, and@; are known. Application of the min-projec-
tion strategy to Example 3 results in a convergence rate much
faster than illustrated in Fig. 3.

Related work using output feedback for stabilization can
be found in Feron [36], Liberzon [46], and Savlkihal.[47].

Qi = (Al Peq + PeqAi), (4.5)
andf}-regions
Q; = {z|-27Q;z < 0}. (4.6)

Here, we need to point out th@t U2, covers the state space V. STABILITY CONDITIONS AS LINEAR MATRIX
and2; N, # 0. Further, for sufficiently small (user chosen)  INEQUALITIES

0, define two (quadratic) switching surfaces . . . . .
i (@ ) g The critical challenge in practical hybrid system applica-

2T (Q1 — eQ,) =0 (4.7a) tions is f_ir_lding appropriate Lyapunov functions that satisfy
T the stability conditions. Unfortunately, no general methods
" (Q2 — Q1) =0. (4.7b) are available. However, for switched linear systems as in the
previous sections, there is an LMI [79] problem formulation
for constructing a set of quadratic Lyapunov-like functions
[11], [80]-[86]. Existence of a solution to the LMI problem

s1(x)

s2()

Theorem 4.2 [30]: Quadratic stabilization of system (4.1)
results when using the following hybrid switching rule:

1) (initialization) .at to activate systemd, ) so that is a sufficient condition for hybrid system stability. A real
(to) € Lp(ro): advantage here is that LMI problems admit efficient and re-
2) p(tT) = 2whenp(t) = 1 ands;(z) = 0; (4.8) liable numerical solutions with standard packages [87], [88].
For the case when one desires to guarantee stability for
3) p(t*) = 1 whenp(t) = 2 andsa(z) = 0. all switching sequences among asymptotically stablena-

The switching rule of (4.8) stabilizes without generating a trices, then the LMI problem is to fin = P > 0 satis-
sliding mode since the hyperplanes defined bystfie) = 0 fying ATP + PA; < 0,fori =1, ---, M. It then follows
do not overlap. For the strategies that may result in a sliding that the set{A4,, ---, Ay} is exponentially stable for all
mode, see [35] and [36]. switching sequencest) [80], [81], [83]. Conversely, if there

The necessity of condition (4.4) in Theorem 4.1 does not exist positive definite matrice®;,7 = 1, ---, M, such that
generalize ford/ > 2. Nevertheless, we can state the fol-
lowing theorem [30], [35].

Theorem 4.3:Let A = {Ay, ---, A/} satisfy Assump-
tion 4.1. A sufficient condition for the existence pft) to

produce a stable:(t) satisfying system (4.1) is that there then the above matri® does not exist [80], [81]. Existence

> (ATRi+ RiA;) >0 (5.1)

%

exist a stable convex combination of the-matrices, i.e., of R, >0 Satisfying (51) means there exists a destabiiizing
there EXiShi > 0, 27 a; =1, such that Switching sequence.
v The general hybrid stability LMI formulation is much
A — Z more complex. Broadly speaking, the problem entails
eq — aZA (49) : . . .
p searching for Lyapunov-like functions whose associ-

ated Q-regions cover the state space. Specifically, the

is a stability matrix. methodology begins with a sufficiently rich (user-chosen)

Condition (4.9) implies that for a suffi- partitioning of the state-space into potent@tregions.
ciently small period 7', the spectral radius of EachQ-region must be defined by, or covered by, a region
(exp(a1 A1) exp(an AoT) - - -explap ApT)) isless than  defined by a quadratic form. Presuming that efehegion
one. The condition given in [20, Theorem 1] follows. For is defined by a quadratic form, the search for appropriate
all practical purposes, this pulse-width modulation scheme Lyapunov-like functions is formulated as an LMI problem.
results in an “average control” that asymptotically stabilizes Physical insight, a good understanding of the LMI problem,
system (4.1). and brute force are often required to choose an acceptable

Unfortunately, finding the convex combination of (4.9), partitioning. To generate a partitioning that admits a solu-
even when it exists, is NP-hard [99], [100]. Moreover, there tion, we permit the use of several Lyapunov-like functions
is a large class of systems for which (4.9) is never satisfied, for each vector field.
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Let 2, denote a region where one searches fb}, & the By introducing a new unknown variabfe> 0, there is po-
quadratic Lyapunov-like functiok, = =¥ P,z that satisfies tentially more freedom in finding # > 0 and¢ > 0 satis-

the stability condition fying the unconstrained relaxed condition
V,(z) = [a% Vq(g:)} Ajw =27 (ATP, + P,AT) 2 <0 ATP+PA+€Q <0 (5.5)
(5.2)

intrinsic to the numerical (LMI) software [87]. A solution
to the relaxed problem is also a solution to the constrained
r,oroblem [79].

A solution to (5.5) insures that the system enérgg non-
increasing inthe regiofir|z' Qz > 0}. Condition (5.3), that
Vi(z) < V,(x) at statesc where the trajectory passes from
(1, toQ,. can, using local quadratic Lyapunov-like functions,
be expressed by

with the understanding that several vector fieltls: can be
used in€2,. Additionally, the LMI problem formulation re-
quires that whenever there is movement to an adjacent regio
.., which uses the Lyapunov-like functidn., then

V() < Vyla) (5.3)

at those states where the trajectory passes frdn to €2,..
Unlike the results set forth in Section Ill, this LMI problem . .
formulation requires the stronger condition that the overall ' Px < a” Py (5.6)
Lyapunov-like function must always be nonincreasing. This

requirement necessitates the need for multiple (local) Lya- The states where this condition must be satisfied also have
punov-like functions for each vector field. The concatena- t0 be expressed or contained in regions characterized by
tion of these Lyapunov-like functions, if they exist, produces duadratic forms. As above, this new region-based constraint
a piecewise quadratic and piecewise differentiable (nontradi- can be replaced with an unconstrained LMI condition using
tional) Lyapunov function. the 5-procedure.

The stability condition of (5.2) for a specific Lya- There is one final requirement: the Lyapunov-like function
punov-like function must only be satisfied in the local hastobe positive definite, i.e:7 Py > 0locally,i.e., in2,.
region, for example, if2,. To constrain the stability condi- This quadratic form condition can again be converted to an
tions to local regions, two steps are involved. First, the region unconstrained condition using tiseprocedure.
must be expressed or contained in regions characterized by Instead of verifying stability, exponential stability can be
quadratic formszTQx > 0. Examples of such quadratic shown by imposing slightly stronger conditions on the en-
forms are cones and ellipsoids. If a polyhedral region is ergy decrease. By finding upper and lower bounds on the

described by half-planes Lyapunov-like functions, and lower bounds on the rate of en-
ergy decrease, exponential stability is guaranteed [49], [86].
Lz>0 and fz>0 Going through the steps described above, with the search for
and ' an upper bound of the convergence rate, exponential stability

. . of hybrid systems with linear vector fields can be verified by
Cer <0 and ¢z <0 the following LMI problem.

_ o o . LMI Problem: LetI denote the identity matrix. If there is
then the quadratic form characterizing the region is obtained 3 sojution tomin 3 subject to:

by multiplying the two half-planes together 1) a>0, g >0, v, >0, & >0,

T >0 (]E{l,"',lﬁl};
t Qx_ 2) aI+Nqu SPq S[jI_Uqua qE{l, T "3};
where 3) AzTPq + PgAi +£,Qq < -1, (q,4) € Dy;
Q =cacy + el (5.4) 4) Pr+ng,Qqr <Py, (g,7) € Da;

wherex denotes the number of different local Lyapunov-like
In [49], [80]-[86], and [89], it is also shown how more gen- functions, then the equilibrium point 0 is exponentially stable
eral quadratic forms may be used to express hyperplanes anéh the sense of Lyapunov.
polyhedra. The left-hand side of the second condition requires pos-
Second, a technique called tifeprocedure is applied itive definiteness of the quadratic Lyapunov-like functions.
to replace a constrained stability condition to a condition The right-hand side is introduced to find an upper bound of
without constraints [79]. To illustrate, lett be a given the Lyapunov-like functions to determine an upper bound
matrix. The goal is to find® > 0 such that (5.2) is satisfied, of the convergence rate. If only stability is of interest, this
ie., right-hand side of the inequality can be neglected. The third
condition is the requirement that the energy is nonincreasing
zT (ATP + PA) <0 in every regiort},, whereD; is the set of tuples character-
izing those vector fields allowable in regiél,. The energy
for the region defined by?Qx > 0. Equations (5.2) and  decrease has to be less than the negative identity matrix to
(5.4) represent the usual LMI problem for stability of a linear conclude exponential stability. Stability is guaranteed if the
state model, except that we only require local validity here. right-hand side instead is zero. Finally, the fourth condition
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is the requirement that the energy is nonincreasing when an-
other region is entered, wher, is the set of tuples char-
acterizing neighboring regions for whict{(¢) can possibly
travel from{, to €2,..

Exponential stability is verified if there is a solution to the
above LMI problem. The variables, p4, vy, and&, and
matricesP; are unknowns, while the differefit's are known
matrices corresponding to the different user-generated local
regions where the conditions must be valid. A bound on the

convergence rate is
3
el < /2 =021y (5.7)
« Fig. 7. Dashed line (— —) shows the level curves of the local
guadratic Lyapunov-like functions. Continuous trajectories cross

wherez(¢) is the continuous trajectory with initial statg. these curves such that the energy is always decreasing, thus
Because this bound depends on the user-chosen partitioning®"ing that the system is exponentially stable.
one must exercise caution when interpreting this conver-
gence rate; other switching sequences may result in muchhave been extended to synthesis for example in the case of
faster rates of convergence. piecewise linear systems [90]. Stabilization in the context
Example 6: The LMI method is illustrated for the system  of linear programming and optimal control is considered in
in Example 3. To verify exponential stability, the state space [101].
will be partitioned into two different regions: the first region
corresponds to the states where the first vector field is usedy/|. STaBILITY ANALYSIS: TWO EXAMPLES
and the second region corresponds to the states where the
second vector field is used, i.&} corresponds tat; andV;
to As, as in Example 3.
The quadratic formgTQ,z > 0 andzTQ.xz > 0 re-
stricting the Lyapunov-like functiong; andV; to the corre-
sponding local regions are given by

Example 4 (Continued)The flight control problem of the
longitudinal dynamics of an aircraft set forth in example 4
used the max control law of (2.3) and (2.4)

w = max(—Fx + kyaim, —Gx + kar(t)).

_0.25 —0.25 025  0.25 Herein, we examine the stability of the closed-loop system
Q1= {_0.25 9 } ;o Q2= {0.25 _9 } when the tracking commandt) = 0. See [51] and [59] for
more details. The closed-loop system equations with the max
obtained according to (5.4) using the corresponding hyper- control law are
planes.
The trajectories pass the region boundaries in a clockwise & = Az + Bmax(—Fz + ki jim, —Gz)
direction, implying the formulation of the stability condition =(A — BG)z + Bmax((G — F)z + kiogm, 0).

asP, < P atplanexy, = 0.5z; and P, < Py atzy =
—0.25z1. This is formulated as the third conditionin the LMI  Our analysis below presupposes that the feedback controls
problem by writing these planes as quadratic forms and using /" and G are designed so th&d—BF') and (A-BG) are
the S-procedure. stable and provide the necessary performance. This is pos-
Solving the LMI problem results in a solution sible because the controllability 6f4, B) is equivalent to

the ability to reassign the eigenvaluestby state feedback.
_ | 0.1000 —0.4500 } P, — [4-3792 3-8292} (Achieving desired performance using hybrid controllers is
~ | -0.4500 411167 “? 7 [3.8292 6.8833 a topic more complex than stability alone and is explored in

] ] by McClamroch and Kolmanovsky in [102].) After defining
with a value of3 = 41.12. Hence, the system is (globally) ~ = kioum and making a change of variables, one obtains
exponentially stable. The level curves of the Lyapunov-like e following “canonical form” [51], [59]:

functions are shown in Fig. 7. Note that in this example, the
resulting Lyapunov-like function is always nonincreasing; % 29
see Fig. 4. O [22} o [—alzl — aaza + max (32 + aze + 1, 0)
Various extensions of the LMI problem are possible. A (6.1)
generalization to affine systems, = A,z + B;, utilizes whereqy, as, a—as, andas—ay are greater than zero. Fur-
a general quadratic Lyapunov function and more general ther, without loss of generality, we assume thag 0, in
quadratic forms to handle ellipsoid regions with nonzero which case the only equilibrium point of this system is the
centers and hyperplanes with offsets [49], [79], [89]. In some origin. Global asymptotic stability of the equilibrium dy-
instances, the LMI problem can be adapted to nonlinear namics is guaranteed if for an appropriate Lyapunov function
vector fields [49], [84], [86], [89]. Incorporation of state V(z) a) the origin is the only invariant set for whidh = 0
jumps is also possible [49]. More recently, LMl methods and b)V(z) — oo as||z|| — oo [103].

Py
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Hitherto, we have illustrated the results with quadratic

Initially assuming no state jumps iff7, stability can

Lyapunov functions. To verify stability of this example, we be shown by a single partitioning, implying a single Lya-

claim that the noncustomary
Vi=dasit+ [ lané - max aa + . 0)) g
0

— Lani? 4+ /0 "6 de

is a valid Lyapunov function for the system of (6.1).

The verification has two major parts: &) is a positive

definite (p.d.) function and by’ < 0. To show tha® is p.d.,
it suffices to show that(0) = 0 andzic(z1) > 0 when
z1 # 0. Thate(0) = 0 follows from~ < 0. Second,

z1¢(z1) = ax? — z; max(fz + 7, 0)

. @172 >0,
alz% — agz% — vz >0,

azz; +7v <0
321 +’7>0

That the desired condition holds in the first case follows im-
mediately froma; > 0. For the second case, we consider
the two subcases > 0 andz; < 0 separately, which lead

directly to the desired result. Thug, is a p.d. function.
To verify thatV < 0, consider

V =44 +clz)h
=%1 [—a12z1 — a2 + max (azz + as + 7, 0)]
+ a1z1% — max (agzy + 7, 0) &
= —ag/‘}f + z; max (ag21 + aazy + 7, 0)
— z1max (agzz + 7, 0).
This last equality requires consideration of four casgs; +
oz + .
1) If agzy + a2y +v < 0andazz +v < 0, then

V = _0622}]? S 0.
2) If agz; + a2 +v > 0andagz; + v > 0, then
V= —(042 — 044)Z% S 0.

3) If azz1 + as? +v < 0andazz + v > 0, then

V = —a92? — %1 (a3z + ) is less than or equal to
zero if 24 > 0 and is less than zero #; < 0 since

(o2 — ag) > 0.
4) |f azzy + as? +v > 0andazz; + v < 0, then

V = —a22? + #1(azz1 + as?; + ) is less than or

equal to zero iff; < 0 and is less than zero i > 0
is.

Example 5 (Continued)Stability of the PI controlled ve-
hicle with an automatic transmission given in Example 5 is

verified by LMI's. By denotingAv = v..;—vandATy = 17

(T7is the integral part of the control signal, the desired torque
generated by the engine), the closed-loop dynamics in (2.8)

becomes
[ A?} _ [—Gpu)Kp(t)/m —Gpu)/m} [ Av }
ATy Kp(f) /TR 0 ATy

wherem = 1500, Tr = 40, Gy € {50, 32, 20, 14},
Ky € {3.75, 5.86, 9.37, 13.39}, andG ) K () = 187.5

for all discrete states. For a specified desired velocity

tret (=30 M/s), the system converges exponentiallyutor,
illustrated in Fig. 8 and formally proven next.

1078

punov-like function common to all the discrete states. This
results in a solution

p_ 255.589 72.262
T 72.262  40.822

satisfying the conditions of the LMI problem in Sec-

tion V. Hence, the hybrid system is globally exponentially
stable without state jumps. In (5.7), the optimal value of
B8 = 277.64.

If the state jumps are included in the dynamics, they occur
when the discrete state is changed. Trajectories satisfying the
condition?r > K,,4)(v — v.er) Cross the gear shifting lines
v = 1/Gppywiow aNdv = 1/G,ywnign from left to right
(see Fig. 7) and oppositely fai; < K,)(v — ver). In the
operating region of this cruise controll&;[0) is always put
to zero when a new desired velocity is given], the gear shift-
ings will always occur from lower to higher gear when the
first condition is satisfied and conversely in the second case.
Hence, the third condition of the LMI problem is formulated
such that the energy decreases passing from gears+ 1
satisfyingl’s > Ky (v—urer) and gears-1 tos satisfying
Tr < Kp(t)(v — Uref).

Consider the case when the trajectories start in the first
region. The jump condition (2.9b), becomes

1 0
I = 0 Gi-l—l =1, 2, 3.
G;

Accordingly, the fourth LMI condition becomes
FI'PF, <P

which is equivalent to

Gy \
_ <
D2,2 < G, > P2,2

wherep, » is the (2, 2) element aP. Since(G;4+1/G;)? <

1, the energy will decrease due to the state jumps for any
quadratic functionz? Pz. Therefore, the same solution as
above verifies stability.

However, when the trajectories start in the second region,
the jump condition of (2.9b) is the same as above except that
G, andG; 41 change position. In this case, there will not exist
any solution sincéG,,1/G;)? > 1.

To overcome this problem and verify stability, the state
space is further partitioned. One quadratic candidate Lya-
punov-like function is associated with each of the discrete
states. Solving the LMI problem leads to a solution

p _ [304.082  87.089 p, _ [248.013  79.625

V7| 87.089 376.934|° 2?7 | 79.625 144.215
212.101 59.328 147.495 53.571

Py = , Pi= .
59.328 53.788 53.571 24.112

Hence, the hybrid system is exponentially stable also in the
case of state jumps. In (5.7), the optimal valugct 439.9.

PROCEEDINGS OF THE IEEE, VOL. 88, NO. 7, JULY 2000



40
35
30
25

=20

Fig. 8. Phase plot ofv and I; during a simulation of 80 s.
Dash-dotted lines (-) are the hyperplanes when the gear shifts
from lower to higher gears (— ¢ + 1) and oppositelyi{+ 1 — 7)

at the dotted lineg--). Dashed lines (— -) are the level curves

of the local quadratic Lyapunov-like functions. The continuous
trajectories cross these curves such that the energy decreases all the
time, verifying that the system is exponentially stable.

The level curves for the local quadratic Lyapunov functions
are shown in Fig. 8.

VII. CONCLUDING REMARKS

Control theorists and computer scientists are actively
investigating all dimensions of hybrid systems, and hybrid
system stability remains a vibrant topic within this broad
community, as can be garnered from the large number of
references below. Within the context of this widespread
activity, this paper has surveyed results on the stability anal-
ysis of hybrid systems concentrating on the use of “multiple
Lyapunov functions” as extensions of the classical theory
[91]-[93]. We presented general theorems for nonlinear
hybrid systems, stronger results for the case of switching
among linear systems, and computer tools (LMI's) for the
verification of hybrid systems stability. In the latter case,
the existence of a solution to an LMI problem becomes a
sufficient condition for the existence and construction of a
stabilizing switching sequence for linear vector fields. Two

bility preserving maps. Other maps are possible, and it would
seem somewhat narrow to think that Lyapunov-like maps are
sufficient to characterize stability of the variety of motions
exhibited by hybrid systems that can be chaotic [104].

The problem of asymptotic stabilization of C/DT systems
via quantized feedback is also a problem of recent interest
[48], [105]-{107]. The quantization condition makes this
a hybrid system problem. Of particular note are the cases
where the control engineer can 1) specify the quantization
scheme and/or 2) adaptively change the quantization levels
as a function of time.

The insights afforded by hybrid system stability investi-
gations have recently led to a revisitation of the problem of
nonlinear sampled-data feedback [6], [15], [21]-[23], [108].
These results are important contributions and can be nicely
viewed as part of the larger topic of looking at stability of
first (i.e., linear) approximations extended to the case of hy-
brid systems as in [6] with consequences for the stability of
feedback loops closed over asynchronous networks [109].

There are many other issues related to hybrid system
stability and stabilization. For example, besides the need for
structural stability conditions, there are computational chal-
lenges related to overcoming the complexity of constructing
stabilizing switching sequences. See, for example, [99],
[100], and [110]-[112]. More important, there is a need to
apply and extend the basic results surveyed in this paper to
the development of systematic analysis and design tools for
practical hybrid systems. Important application areas such as
automotive controls, avionics, and embedded controllers in
general will drive the process. Indeed, we have just stepped
into the arena where we must confront and deal with the
intrinsically hybrid nature of virtually all complex systems.
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extended case studies, along with a number of examples

scattered throughout this paper, illustrated the main points
and potential applications of the theory.

Despite the variety and significance of the many results on
hybrid system stability, general necessary and sufficient con-
ditions in terms of the structure of the vector fieldg;|: =
1,---, M} in the general case afd4;|[¢ = 1, ---, M} in
the switched linear case, have evaded discovery. By struc-
tural stability results, we mean conditions similar to those
of classical linear state space theory where BIBS and BIBO
stability [113] are characterized by the eigenvalue locations
of the A-matrix and the system controllability and observ-
ability. What properties of the vector fieldg; } or {4,} lead
to the existence and “straightforward” construction of stabi-
lizing switching sequences?

Another foundational approach toward the study of hybrid
system stability is the work of [2], [3], [8], and [15]. This
work introduces an extended notion of time (of which real
time is a projection) and the notion of a stability preserving
map. The classical and MLF approach are two types of sta-
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